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Abstract

We give a brief overview how to couple general relativity to the Standard Model
of elementary particles, within the higher gauge theory framework, suitable for
the spinfoam quantization procedure. We begin by providing a short review of all
relevant mathematical concepts, most notably the idea of a categorical ladder, 3-
groups and generalized parallel transport. Then, we give an explicit construction of
the algebraic structure which describes the full Standard Model coupled to Einstein-
Cartan gravity, along with the classical action, written in the form suitable for
the spinfoam quantization procedure. We emphasize the usefulness of the 3-group
concept as a superior tool to describe gauge symmetry, compared to an ordinary
Lie group, as well as the possibility to employ this new structure to classify matter
fields and study their spectrum, including the origin of fermion families.

1 Introduction

The quantization of the gravitational field is one of the most fundamental open problems of
modern theoretical physics. Since the inceptions of general relativity (GR) and quantum
field theory (QFT), many attempts have been made over the years to unify the two into
a self-consistent description of gravitational and matter fields as basic building blocks of
nature. Some of the attempts have developed into vast research areas, such as String
Theory, Loop Quantum Gravity, Causal Set Theory, and so on. One of the prominent
approaches is Loop Quantum Gravity (LQG) [1, 2], which has branched into the canonical
and covariant frameworks, the latter known as the spinfoam approach [3].

The spinfoam approach to the quantization of the gravitational field revolves around
the idea of providing a precise mathematical definition to the Feynman path integral for
the gravitational field,

7 — /Dg eiScrlg] 7

where g denotes the gravitational degrees of freedom, and Sgglg] is the GR action ex-
pressed in terms of variables g. The strategy of defining the path integral can be roughly
expressed in three main steps, called the spinfoam quantization procedure:

1. Choose convenient variables g and rewrite the classical action in the form
SGR[Q] = Stopological [9] + Ssimp [9] ; (1)
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where the first term represents a topological theory (with no propagating degrees of
freedom), while the second term corresponds to the so-called simplicity constraint
terms, whose purpose is to transform the full action into a realistic non-topological
action with propagating degrees of freedom.

2. Employ the methods of topological quantum field theory (TQFT) to define the path
integral for the topological part of the action. This is typically implemented by
passing from a smooth spacetime manifold to a simplicial complex (triangulation),
and writing the path integral in the form of a discrete state sum,

2= TTA@T[A@]As@ ] A ] A(9)-

Here g represents the gravitational field variables living on the vertices v, edges e,
triangles A, terahedra 7, and 4-simplices ¢ of the simplicial complex, describing its
geometry, while the corresponding amplitudes A,(g), ..., A, (g) are chosen to render
the whole state sum Z independent of the particular choice of the triangulation of
the spacetime manifold.

3. Enforce the simplicity constraints of the theory by a suitable deformation of the
amplitudes A and the set of independent variables g, thereby obtaining a modified
state sum Z which corresponds to one possible rigorous definition of the realistic
gravitational path integral.

Since its inception, the spinfoam quantization procedure has been formulated and
implemented for various choices of the classical action, leading to a plethora of spinfoam
models of quantum gravity, starting from the Ponzano-Regge model for 3D gravity [4],
and leading up to the currently most sophisticated EPRL/FK model for the realistic 4D
case [5, 6]. However, one property common to all spinfoam models is the fact that they
all describe pure gravity, without matter fields. This is due to the common choice of the
classical action — it is the well known BF theory [7], which is usually defined for the
Lorentz group SO(3, 1), with some form of the simplicity constraint terms. The prototype
description of GR in this form is the Plebanski action [8]. The reason why matter fields
are absent from all such models lies in the fact that the BF action does not feature tetrad
fields at the fundamental level. Instead, the tetrads appear as a consequence of classical
equations of motion, and are thus inherently classical, on-shell quantities. This renders
the approach based on the BF' theory incapable of adding matter fields at the quantum
level, since matter is coupled to gravity using precisely the tetrad fields.

The issue of the absence of the tetrad fields at the fundamental level has been suc-
cessfully resolved in [9], where a categorical generalization has been made, and the 2BF
action (introduced in [10, 11]) has been employed to build an action for GR, featuring
tetrads explicitly in the topological sector of the action. The categorical generalization is
based on a concept of a categorical ladder, an abstraction scheme introducing a chain of
new objects: from categories to 2-categories to 3-categories and so forth. This powerful
mathematical language gave rise to the idea that the notion of gauge symmetry in physics
may be described by objects other than Lie groups. The new approach is called higher
gauge theory (HGT), see [12] for an introduction. In the context of the spinfoam quanti-
zation procedure, HGT has been successfully applied to build a quantum gravity model,
based on the Poincaré 2-group [13] as a gauge symmetry structure, and the corresponding
2BF action, leading to the so-called spincube model of quantum gravity [9]. Having the
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tetrads as fundamental fields in the 2BF action, the new model could be extended to
include matter fields in a straightforward way. Nevertheless, the matter field action does
not have the form analogous to (1), which renders the steps 2 and 3 of the spinfoam
quantization procedure moot, since they can be applied only to the gravitational sector
of the theory.

Thus, a natural need appeared to generalize the theory once more, in order to include
the matter fields into the topological sector of the theory, in a similar way that was done
to include the tetrad fields. The basic idea was to pass from the notion of a 2-group to a
notion of a 3-group as a mathematical descriptor of gauge symmetry [12, 14, 15], giving
rise to a topological 3BF' action. With suitable simplicity constraint terms added, a
3BF action perfectly fits together all fields necessary for a unified description of quantum
gravity coupled to matter fields — it features tetrads, spin connection, gauge fields, scalar
fields and fermions. The explicit construction was done in [16], where the full Standard
Model (SM) coupled to GR in the Einstein-Cartan formulation was rewritten in the
form (1), suitable for the implementation of the spinfoam quantization procedure and
building a full quantum theory. This demostrates the power and expressiveness of the
HGT approach, and it provides us with novel mathematical tools to study the algebraic
properties of the matter sector of the SM, in analogy to the gauge field sector which is
being described in terms of ordinary Lie groups. In this paper we will review the essential
properties of the new approach.

The layout of the paper is the following. In section 2 we give a brief introduction to
the category theory, categorical ladder, and the notion of n-groups. Our attention focuses
on 3-groups, in particular their representation in terms of 2-crossed modules. Section 3
reviews the construction and general properties of the 3BF' action, and its relationship
with the 3-group structure. Then, in section 4 we apply this developed formalism to
construct the Standard Model 3-group, and explicitly build the action for the Standard
Model coupled to Einstein-Cartan gravity in the form of the 3BF action with suitable
simplicity constraints. Section 5 contains our concluding remarks.

2 Category theory and 3-groups

Let us begin by giving a short introduction to the category theory, and in particular the
notion of category theory ladder, a concept used in higher gauge theory to generalize the
notion of gauge symmetry. A nice introduction to this topic can be found in [12] and
further technical details in [14, 15].
A category C = (Obj, Mor) is a structure which has objects and morphisms between
them,
XY, Z ---€0bj, f,9,h,--- € Mor,

where
f:X=>Y, g:Z—-X, h:X->Y,. ..

such that certain rules are respected, like the associativity of composition of morphisms,
and similar. Similarly, a 2-category Co = (Obj, Mory, Mory) is a structure which has ob-
jects, morphisms between them, and morphisms between morphisms, called 2-morphisms,

X,Y,Z,"'GObj, f,g,h,"'EMO?"l, Q,B,"'GMOT’27

where

f:X—=Y ¢9g:Z—-X h:X->Y,... a:f—h,...
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such that similar rules about compositions are respected. Then, a 3-category C3 =
(Obj, Mory, Mory, Mors) additionally has morphisms between 2-morphisms, called 3-
morphisms,

0,,---€ Mors, O:a—pF,...

again with a certain set of axioms about compositions of various n-morphisms. One can
further generalize these structures to introduce 4-categories, n-categories, oco-categories,
etc. The process of raising the “dimensionality” of a categorical structure is called a
categorical ladder.

It is useful to understand other algebraic structures as special cases of categories. As
a particularly important example, the algebraic structure of a group is a special case
of a category — it is a category with only one object, while all morphisms (i.e., group
elements) are invertible. It is straightforward to verify that axioms of a group follow from
this definition and the axioms of a category. Any group can be represented in this way,
for example finite groups, Lie groups, and so on.

The notion of a categorical ladder then provides us with a natural way to introduce
novel, more general algebraic structures, by extending the above definition to 2-categories,
3-categories, etc. In particular,

e a 2-group is a 2-category with only one object, while all 1-morphisms and 2-
morphisms are invertible;

e a 3-group is a 3-category with only one object, while all 1-morphisms, 2-morphisms
and 3-morphisms are invertible.

It is important to emphasize that an n-group is not a particular type of group. Instead,
it is a different algebraic structure, which shares some of the features of groups, but is
governed by a qualitatively different set of axioms.

The framework of higher gauge theory is centered around the idea that gauge sym-
metries in physics can be better described using these alternative algebraic structures
than using the ordinary Lie groups. To that end, our attention will mostly focus on the
so-called Lie 3-groups and their corresponding Lie 3-algebras. While the abstract defini-
tion in terms of n-category theory is particularly appealing from the conceptual point of
view, for applications in physics there exists a more practical way to talk about 3-group.
Namely, every strict Lie 3-group is known to be equivalent to a so-called 2-crossed module,
defined as an exact sequence of three Lie groups G, H and L,

L>H%a, (2)

and equipped with two “boundary homomorphisms” § and 0, an action > of G onto G,
H and L,
>:GxG— G, >:Gx H— H, >:Gx L — L,

and a bracket operation called Peiffer lifting over H to L,
{_ , }:HxH—L.

Certain set of axioms is assumed to hold true among all these maps. In particular, for all
g€ G, he Handl € L, we have:

e the axiom stating that (2) is an exact sequence,

98 = 1¢, (3)
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e the axiom specifying that the action of G onto itself is conjugation,
9> 9 =999 ", (4)

e the axioms stating that the action of G on H and L is equivariant with respect to
homomorphisms 0 and ¢ and the Peiffer lifting,

g>0h = Jd(g>h),
g>al = d(g»1), (5)
goih,ha} = Ag>h g hat,

e and finally the axioms determining the properties of the Peiffer lifting,

5{h1,h2} = hlhghfl(ahl)bh;17
{61y, 815} = L',
{hiha,hs} = {h1, hohshy'} Ohy > {ha, by}, (6)

(61,0} {h,61} = 1(Oh17Y).

Since it is constructed from three Lie groups, a Lie 3-group has a corresponding Lie
3-algebra, also called a differential 2-crossed module,

libgm

where [, b, g are Lie algebras of L, H, G, the maps ¢, 0, > and { _, } are inherited from
the 3-group via natural linearization, and finally, the set of corresponding axioms applies.
In addition to all this, Lie algebras have their own usual Lie structure — the generators,

Tyel, ta €h, Ta €8
the corresponding structure constants,
[Ta,T5] = fas°Tc, [tasto] = fapte, [T Tl = fap Ty,
and G-invariant nondegenerate symmetric bilinear forms (for example Killing forms),
(Ta,Tg)y=9gap,  (ta;to)y =9ab,  (Ta,Ta)y = Gap-

The main purpose of the 3-group structure is to generalize the notion of parallel trans-
port from curves to surfaces to volumes. Namely, given a 4-dimensional manifold M, one
defines a 3-connection (v, 3,7) as a triple of 3-algebra-valued differential forms,

a = a%,(x)7oda” € MM, ),
B = %ﬁaw(x) todat A dax” € A’ (M, h),

1
T = §7Auup($) Tada* Ada” Adz? € A3(M,T).
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Then one can introduce the line, surface and volume holonomies,

g:Pexp/ a, h=S8exp | S, leexp/ v,
P1 S Vs

and corresponding curvature forms,

F = da+aNha—03,
Y df+a N B —dy,
H dy+anNy—{BAS}.

The 3-group structure ensures that all these quantities are well defined, in particular the
surface- and volume-ordered exponentials and the respective holonomies.

3 Higher gauge theories

The basic idea behind the higher gauge theory approach is to employ the structure of
n-groups as a mathematical representation of gauge symmetries in physics, generalizing
the ordinary notion of gauge symmetry described via a Lie group. Namely, in ordinary
gauge theory, the prototype action functional was the so-called BF' action [7], based on
a chosen gauge group G. In the HGT approach, one generalizes the BF' action in accord
with the chosen n-group structure, leading to the nBF action. For the case of 3-groups,
one defines a 3BF' action as:

sgBF:/ (BAF),+(CAG),+(DAH),.
M

Here B, C, and D are Lagrange multipliers, in particular a g-valued 2-form, an h-valued
1-form, and an [-valued 0-form, respectively.

As in the case of a BF theory, one can demonstrate that 3BF theory is a topological
gauge theory, having no local propagating degrees of freedom. Nevertheless, it can be
transformed into a physically relevant action by adding the so-called simplicity constraint
terms to the action, changing the dynamical structure of the theory. The prototype of
this procedure is represented by transforming the topological BF' theory based on the
Lorentz group SO(3,1) into a Plebanski action [8], which describes general relativity.

One can even do more, and provide a physical interpretation of the Lagrange multi-
pliers C' and D in the 3BF action, as follows:

e the h-valued 1-form C can be interpreted as the tetrad field, if H = R* is the
spacetime translation group,

C—e=e",(z)t, dz",

e the [-valued O-form D can be interpreted as the set of real-valued matter fields, given
some Lie group L,
D—¢=¢"(z)Ts.

An interested reader can see [16] for further details.
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4 The Standard Model

One natural question that can be asked is what choice of a 3-group can be relevant for
physics. There are various answers to this question, but perhaps the most illustrative
example is a choice of the 3-group which reproduces the Standard Model of elementary
particles, coupled to general relativity in the Einstein-Cartan version. This is called the
Standard Model 3-group, and in the remainder of this section we will demonstrate how it
can be constructed, step by step.

The first step is to specify the groups G and H as the usual Lorentz, internal, and
translational symmetries:

G = S0(3,1) x SU(3) x SU(2) x U(1), H=R*.

Note that the Poincaré group has been broken into the separate Lorentz and transla-
tional parts, and these have been associated with two different groups within the 3-group
structure.
The next step is to define the homomorphisms § and 0, as well as the Peiffer lifting,
to be trivial,
=1y =0, ov=1gqg,

and

{ﬁ7 U} =1z,
for all [ € L and w,v € H. Additionally, we define the action of the group G on H
via vector representation for the SO(3,1) sector and via trivial representation for the
SU(3) x SU(2) x U(1) sector. Finally, the choice of the group L and the action of G on
L will be discussed below. But already now one can verify that all axioms (3)—(6) are
satisfied, thus making sure that these choices represent one genuine 3-group.

The next step is to choose the group L. Omne general property of L that can be
determined immediately comes from the second axiom in (6). Namely, due to the trivial
choices for the Peiffer lifting and the homomorphism ¢, the axiom implies that L must be
Abelian. Aside from this, the choice of the group L is guided by physical requirements,
as follows.

Begin by rewriting the 3BF' action in the form

Sspr = / B* A «7:’89a,6 +e* AN GPgup + ¢AHBQAB .
M

Since the group G is a direct product of the Lorentz and internal groups, the corresponding
indices a of G split according to this structure, as « = (ab, ©), leading to the corresponding
splitting of the connection « and its curvature F,

a=w®], + AT, F=R®J,+ Fir;.

Here w® is the ordinary spin connection 1-form, .J,; are Lorentz generators, while A’ are
internal gauge potential 1-forms and 7; the generators of SU(3) x SU(2) x U(1). Also, R
and F' are the Riemann curvature and gauge field strength 2-forms, respectively. Also,
given that the action of SO(3,1) onto H = R* is via vector representation, and given that
the bilinear symmetric nondegenerate form for H must be G-invariant, the only available
choice is

Gab = N = diag(—1,4+1,+1,+1).
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Finally, given that the matter fields are elements in the Lie algebra [ of the group L,
namely ¢ = ¢'Ty4, we observe that there should be precisely one real-valued field gzﬁA(x)
for each generator Ty € [. This information allows us to determine the dimension of the
algebra [, by counting the total number of real-valued components of all matter fields in
the Standard Model. The matter fields have two sectors — fermions and the Higgs.

The number of the real-valued components of all fermion fields can be counted accord-
ing to the following scheme:

(), (), (o), (),

Weyl spinors
(VE)R (UT>R (ug)R (Ub)R =16 Lx

family
(eDr  (d)r  (dy)r  (dp)r

/

l-valued field
x 3 families x 4 rearvaue - e 192 real-valued fields (;SA.
Weyl spinor

Similarly, the Higgs sector gives us:

+
(2 ) } — 2 complex scalar fields = 4 real-valued fields ¢ .
0

This suggests the structure for L in the form:
L= Lfermion X LHiggs ) dim Lfermion = 1927 dim LHiggs =4.

The structure of L can be further understood by looking at the action of the gauge
group G on various components of fields ¢*. This is fixed by the choice of the action of
G on L, chosen as follows. Given that G is constructed from Lorentz and internal gauge
symmetry groups, the action > : G x L — L specifies the transformation properties of
each real-valued field ¢ with respect to those symmetries. For example, if we look at a
Weyl spinor u; that sits in the doublet

()
)’

the action g > u, (where g € SO(3,1) x SU(3) x SU(2) x U(1)) encodes that u, consists
of 4 real-valued fields which transform as:

e a left-handed spinor with respect to SO(3,1),
e as a “blue” component of the fundamental representation of SU(3),

e and as “isospin +3” of the left doublet with respect to SU(2) x U(1).

The action > : G X L — L similarly defines the transformation properties for all other
fermions in the theory, as well as for the Higgs field.

From such a definition of the action >, one can observe that G' acts on L in precisely
the same way across the three fermion families. This implies that L mion can be written
as

Lformion = Llst family X LQnd family X L3rd family » dim Lk—th family — 64 .
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Ultimately, given that the components of Weys spinors mutually anticommute, given
that the group L is Abelian, and given that it has the structure and dimension as given
above, we can fix the choice of the group L which corresponds to the Standard Model as

L =R*C) x R*(G) x R*(G) x R*(G),

where G is the algebra of Grassmann numbers. This completes the construction of the
Standard Model 3-group.

The final step in specifying the theory is to spell out its classical action. As was
previously discussed, the action has the form of a 3BF action, with the addition of
appropriate simplicity constraints which will transform it into a non-topological theory,
i.e., a theory with local propagating degrees of freedom. The choice of the Standard Model
3-group completely fixes the structure of the 3BF" action, and the only thing left to do
is to add the appropriate simplicity constraints. The details of the construction of these
terms is given in detail in [16], and will not be repeated here. We will only quote the
result,

Ssyvi+ec = S3rF + Ssimp

where
S3BF:/Bd/\f&+€&/\g&+¢A/\HA,

and

Ssimp = (Bd — C@BMCdBeC A ed> ANY — <7A —e*Ne’ A eCCABMabCB> AN
—47i l; EapedC® N XA BC¢ATdAB¢B
+¢%% A (Mabé‘scdefec NegNeoNep—F* Ne, A ed)
—l—CabA A <Mabc‘460defed NecNep— FA A €a N eb)

—Eabed€® N e® A e A e <A + MAB¢A¢B + YABO¢A¢B¢C + LABéngAgbebcng) .

See [16] for details and notation.

By varying the action with respect to all variables, and with a little technical effort, one
can demonstrate that the corresponding equations of motion are precisely the classical
equations of the Standard Model, coupled to general relativity in the Einstein-Cartan
formulation.

5 Conclusions

Let us summarize the results of the paper. In section 2 we have given a short introduction
into the category theory, introduced the notions of categorical ladder and n-categories,
and in the resulting framework, provided a definition for the notion of an n-group. Our
attention focused on the case of 3-groups, which are relevant for applications in physics,
and the equivalent notion of a 2-crossed module, which is more convenient for practical
applications. Section 3 was devoted to introducing the higher gauge theory formalism
and the 3BF action corresponding to a choice of a 3-group, as a generalization of the well
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known BF' action in terms of the categorical ladder. Also, we have interpreted the addi-
tional Lagrange multipliers appearing in the 3BF' action as the tetrad and matter fields,
providing the setup for the application in physics. This application was then demon-
strated in detail in section 4, where the Standard Model 3-group has been defined, and
utilized to construct a physically relevant constrained 3BF' action, which is classically
equivalent to the Standard Model of elementary particles coupled to general relativity
in the Einstein-Cartan formulation. This is the main result, which successfully estab-
lishes the first step of the spinfoam quantization procedure, and opens up a possibility of
straightforward implementation of the second and third steps, hopefully leading to a full
model of quantum gravity with matter.

It should be noted that the most important feature of the higher gauge theory frame-
work is its ability to treat gravity, gauge fields, fermions and scalar fields on completely
equal footing, describing all of them via the underlying algebraic structure of a 3-group.
The 3-group also provides us with a natural geometric description of a generalized notion
of parallel transport, namely along a surface and along a volume, in addition to the stan-
dard notion of parallel transport along a curve. This relationship opens up a possibility
for a fully geometric interpretation of all fields present in physics.

Moreover, just as the gauge group dictates the number and properties of gauge fields in
Yang-Mills theories, the sector of the 3-group described by the Lie group L determines the
number and properties of the fermion and scalar fields. This fact enables us to classify the
spectrum of matter fields in terms of group theory, generalizing the constructions present
in the Standard Model, where only gauge fields are classified in such terms. The choice
of the group L thus opens up novel avenues for research on the unification of all fields,
and specifically the origin of particle families, Higgs and fermion sectors, and so on.

Finally, the higher gauge theory framework may have applications in other areas of
physics and mathematics as well, and various possible research directions are yet to be
explored.
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