
HS Yang-Mills-like models: a review

L. Bonoraa, S. Giaccarib,
a International School for Advanced Studies (SISSA),

Via Bonomea 265, 34136 Trieste, Italy, and INFN, Sezione di Trieste
b Department of Sciences, Holon Institute of Technology (HIT),

52 Golomb St., Holon 5810201, Israel

Abstract. We review the attempt to construct massless gauge field theories in
Minkowski spacetime that go under the name of HS-YM. We present their actions and
their symmetries. We motivate their gravitational interpretation. In particular we show
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them. Finally we uncover the gauge symmetry hidden under such unphysical modes. This
requires a nonlocal reformulation of the theory, which is, however, characterized by an
augmented degree of symmetry.
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1 Introduction

This contribution is a progress report on a, perhaps too ambitious, research program which
would like to answer the following question: the unification of all the fundamental forces
of nature has always been and still is a major challenge for theoretical physics; superstring
theories constitute the most successful and authoritative attempt to cope with it, but a
stimulating question still hovers in the air: are they the only possibility? In other words, is
it not possible to construct a consistent (i.e. unitary and renormalizable) field theory that
describes all interactions without resorting to string theory? Or, at least, a theory that
bridges over the distance between (super)string theories and the two effective standard
models that describe the present data on the four fundamental interactions?

We are well aware of the type of challenge we are facing with this program. There
is enough evidence that a theory describing all the fundamental interactions needs an
infinite number of fields of increasing spins, and, since the sought for theory should be
as fundamental as possible, it should have as few free parameters as possible; therefore
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we would like to start from a theory with massless fields. In fact, similar considerations
have originated many attempts in the realm of higher spin (HS) gauge theories. On the
one hand the free spectrum of massless HS particles is by now well-understood [1, 2, 3,
4, 5, 6, 7, 8, 9, 10]. On the other hand the construction of consistent interactions has
turned out to be a much more challenging problem. Notwithstanding the fundamental
breaktrough of the discovery of Vasiliev’s equations [11, 12, 13], progress in this direction
is hindered by the lack of the relevant action, which renders quantization a remote target.
In fact for HS gauge theories on a flat Minkowski space there are severe constraints (no-
go theorems), illustrated in a rather vast literature (see e.g. [14, 15, 16, 17] and [18] and
references within). To be frank, there seems to be no hope for massless local theories and
even for perturbatively local theories (that is, for theories with infinite many interacting
fields, but with finite many interaction terms at each derivative order). If a solution
exists, it must be looked for in the realm of non-local theories. However if we decide to
leave the safe ground of local field theories with a finite number of fields, the number of
possibilities grows beyond control and the true issue becomes how to tackle the problem
of non-locality in an organized and manageable way.

In this spirit, in [20] a new type of massless higher spin theories on flat Minkowski
spacetime was proposed. They were dubbed HS YM-like models, because the form of their
actions is inspired by Yang-Mills theories and the lowest spin field is clearly a Yang-Mills
field. The fields of these theories (much in the style of string field theory) are defined in
the phase space of the Weyl-Wigner quantization, and they are written as ha(x, u), where
u is the momentum conjugate to x. They are called master fields. By expanding them
in powers of the momentum uµ one gets an infinite series of ordinary fields of increasing
spins. From the action one can easily extract the equations of motion, which contain an
infinite number of local terms, although the number of terms at each derivative order is
finite. The main novelty of the HS YM-like models is that they admit a gravitational
interpretation. This is due to the fact that the second field in the u expansion of ha(x, u)
has the expected transformation properties of a frame field. The action is invariant under
gauge transformations whose parameters can be expanded themselves in powers of u. The
lowest order term in such expansion represents an Abelian gauge transformation, while
the next one corresponds to diffeomorphisms. The frame-like component of ha transforms
correctly under them. However a full gravitational interpretation requires also invariance
under local Lorentz transformations, while the action of the HS YM-like models does not
explicitly possess it. But, this is one of the surprises, one can show that such an invariance
is hidden and can be easily made manifest by redefining the action in a suitable way. In
summary, the gravitational interpretation of the HS YM-like models is fully legitimate.

Ref. [20] contains also a detailed proposal for perturbative quantization. The gauge
freedom has to be fixed in order to extract the true physical degrees of freedom. This turns
out to be a complicated operation which leads to an overall redefinition of the action and
uncovers a strong non-locality. The non-locality, though severe, is strictly tied to gauge
invariance. If we suitably fix the gauge it disappears. In other words it is a gauge artifact,
which makes it a controlled and hopefully manageable feature, the new non-local theory
being characterized by a very large explicit symmetry.

The paper is organized as follows. In section 2 The HS-YM like models are introduced,
both in the Abelian and non-Abelian case, and the gauge transformations discussed and
interpreted. Section 3 is devoted to the recovery of local Lorentz invariance, section 4
to the BRST quantization. In section 5 we propose a perturbative quantization in the
so-called frozen momentum frame. In section 6 we deal with the physical and unphysical
modes that make their appearance in this quantization and discuss the hidden gauge
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symmetry of the quantized theory and how to make it manifest. The last section contains
some conclusions.

2 An introduction to HS-YM like models

Higher-spin Yang-Mills models are formulated in terms of master fields ha(x, u), which
are local in the phase space (x, u), where [xµ, uν ] = i~δµν (~ will be set to the value 1).
The master field is assumed to have an expansion in powers of u,

ha(x, u) =
∞∑
n=0

1

n!
hµ1,...,µna (x)uµ1 . . . uµn

= Aa(x) + χµa(x)uµ +
1

2
bµνa (x)uµuν +

1

6
cµνλa (x)uµuνuλ + . . . (1)

where hµ1,...,µna (x) are ordinary tensor fields, symmetric in µ1, . . . , µn. In (1) the indices
µ1, . . . , µn are upper (contravariant) Lorentz indices, µi = 0, . . . , d − 1. The index a is
distinguished from the latter. Of course as long as the background metric is flat all indices
are on the same footing, but later on a will be interpreted as a tangent space index and
ha will be called frame-like master field. It is therefore convenient to keep track of its
special nature from the beginning.

The master field ha(x, u) is characterized by the following gauge transformation prop-
erties

δεha(x, u) = ∂xaε(x, u)− i[ha(x, u) ∗, ε(x, u)] ≡ D∗xa ε(x, u), (2)

where the covariant derivative

D∗xa = ∂xa − i[ha(x, u) ∗, ].

has been introduced. The ∗ product is the Moyal product, defined as follows

f(x, u) ∗ g(x, u) = f(x, u)e
i
2

(←
∂ x
→
∂ u−

←
∂ u
→
∂ x

)
g(x, u) (3)

In the framework of the Weyl-Wigner quantization, the master field ha(x, u) would be
identified as a symbol.

In order to emphasize the difference between the index a and the others, it is useful
to imitate the ordinary gauge theories using the compact notation d = ∂a dx

a,h = hadx
a

(xa are coordinates in the tangent spacetime) and writing (2) as

δεh(x, u) = dε(x, u)− i[h(x, u) ∗, ε(x, u)] ≡ Dε(x, u), (4)

where it is understood that

[h(x, u) ∗, ε(x, u)] = [ha(x, u) ∗, ε(x, u)]dxa,

Continuing on the same tune one can introduce the curvature notation

G = dh− i

2
[h ∗, h], (5)

which transforms as

δεG = −i[G ∗, ε] (6)
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Let us come next to the action for the master field ha(x, u). Like in ordinary gauge
theories it will be an integrated polynomial of G or of its components Gab. In order to
exploit the transformation property (6) like in ordinary gauge theories, we need the ‘trace
property’, analogous to the trace of polynomials of Lie algebra generators in ordinary
non-Abelian gauge theories. In our context such an object is

〈〈f ∗ g〉〉 ≡
∫
ddx

∫
ddu

(2π)d
f(x, u) ∗ g(x, u) =

∫
ddx

∫
ddu

(2π)d
f(x, u)g(x, u) = 〈〈g ∗ f〉〉 (7)

From this, plus associativity, it follows that

〈〈f1 ∗ f2 ∗ . . . ∗ fn〉〉 = 〈〈f1 ∗ (f2 ∗ . . . ∗ fn)〉〉
= (−1)ε1(ε2+...+εn)〈〈(f2 ∗ . . . ∗ fn) ∗ f1〉〉 = (−1)ε1(ε2+...+εn)〈〈f2 ∗ . . . ∗ fn ∗ f1〉〉 (8)

where εi is the Grassmann degree of fi. In particular

〈〈[f1
∗, f2 ∗ . . . ∗ fn}〉〉 = 0 (9)

where [ ∗, } is the ∗-commutator or anti-commutator, as appropriate.
Incidentally, this property holds also when the fi are valued in a (finite dimensional) Lie

algebra, provided the symbol 〈〈 〉〉 includes also the trace over the Lie algebra generators.
The curvature components, see (5), are

Gab = ∂ahb − ∂bha − i[ha ∗, hb] (10)

with transformation rule

δεGab = −i[Gab
∗, ε] (11)

Therefore, the functional 〈〈Gab ∗Gab〉〉 transforms like

δε〈〈Gab ∗Gab〉〉 = −i〈〈Gab ∗Gab ∗ ε− ε ∗Gab ∗Gab〉〉 = 0 (12)

Therefore

YM(h) = − 1

4g2
〈〈Gab ∗Gab〉〉 (13)

is invariant under HS gauge transformations and it is a well defined functional in any
dimension. .

2.1 The non-Abelian case

All that has been done so far for the Abelian case can be repeated for the non-Abelian
case with minor changes. One simply assumes that the master field ha belongs to the
adjoint representation of a non-Abelian Lie algebra with generators Tα.

h = hαTα, hα = hαadx
a (14)

where summation over α is understood. The HS gauge parameter is

e(x, u) = εα(x, u)Tα (15)
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and the transformation of h(x, u)

δeh(x, u) = dxe(x, u)− i[h(x, u) ∗, e(x, u)], (16)

assuming the generators Tα are anti-hermitean. Next the curvature is

G = dh− i

2
[h ∗, h] (17)

where the ∗-commutator includes now also the Lie algebra commutator. Of course we
have, in particular,

δeG(x, u) = −i[G(x, u) ∗, e(x, u)] (18)

Everything works as before provided, as noted above, the symbol 〈〈 〉〉 includes also the
trace over the Lie algebra generators. Finally

YM(h) = − 1

4g2
〈〈Gab ∗ Gab〉〉 (19)

is invariant under the HS non-Abelian gauge transformations and it is a well defined
functional in any dimension.

The functionals (13) and (19) differ from the usual field theory actions in that they
are integrals over the phase space of a point particle with coordinate xa. In particular
their dimension is not the one of an ordinary field theory action, due to the integration
over u. Thus, we should divide it by a factor Vu proportional to the integration volume
over the momentum space. Since it does not play any role at the classical level, for the
sake of simplicity, we understand this factor.

Notwithstanding this difference we can extract from (13) covariant eom’s by taking
the variation with respect to h. As was shown in [20], we can assume that the action
principle holds for fields defined in the phase space. From(13) we get the following eom:

∂bG
ab − i[hb ∗, Gab] ≡ D∗bGab = 0 (20)

which is, by construction, covariant under the HS gauge transformation

δε
(
D∗bGab

)
= −i[D∗bGab, ε] (21)

The expressions of these eom’s in components can be found [20]. For each component
field ϕµ1...µsa they take the form 0 = �ϕµ1...µsa + . . ., with s = 0, 1, 2, .... Ellipses refer to
terms containing two or more derivatives and at most cubic in the component fields; at
each order, defined by the number of derivatives, there is a finite number of terms. A
theory with this characteristic is called perturbatively local .

2.2 Gauge transformations

To understand the meaning of the component fields (at least, the lowest lying ones) in
ha we examine in detail the gauge transformation (2). Let us expand the master gauge
parameter ε(x, u)

ε(x, u) = ε(x) + ξµ(x)uµ +
1

2
Λµν(x)uµuν + . . . (22)
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and let us consider the first few terms in the transformation of the lowest spin fields. We
order them so that the component fields and gauge parameters are infinitesimals of the
same order. For instance to lowest order the transformation (2) reads

δ(0)Aa = ∂aε, δ(0)χνa = ∂aξ
ν , δ(0)ba

νλ = ∂aΛ
νλ, . . . (23)

to first order we have

δ(1)Aa = ξ ·∂Aa − ∂ρε χρa (24)

δ(1)χνa = ξ ·∂χνa − ∂ρξνχρa + ∂ρAaΛρ
ν − ∂λε baλν

δ(1)bνλa = ξ ·∂baνλ − ∂ρξνbaρλ − ∂ρξλbaρν + ∂ρχ
ν
aΛ

ρλ + ∂ρχ
λ
aΛ

ρν − χρa∂ρΛνλ

. . . = . . .

The next orders contain three and higher derivatives.
These transformation properties suggest to associate the first two component fields of

ha to an ordinary U(1) gauge field and to the fluctuating part of a vielbein. To see this
let us denote by Ãa, ẽ

µ
a = δµa − χ̃µa the standard gauge and vielbein fields. The standard

gauge and diff transformations, are

δÃa ≡ δ
(
ẽµaÃµ

)
≡ δ

(
(δµa − χ̃µa)Ãµ

)
(25)

=
(
−∂aξµ − ξ ·∂χ̃µa + ∂λξ

µχ̃λa
)
Ãµ + (δµa − χ̃µa)

(
∂µε+ ξ ·∂Ãµ + Ãλ∂µξ

λ
)

= ∂aε+ ξ ·∂Ãa − χ̃µa∂µε

and

δẽµa ≡ δ(δµa − χ̃µa) = ξ ·∂ẽµa − ∂λξµẽλa = −ξ ·∂χ̃µa − ∂aξµ + ∂λξ
µχ̃λa (26)

so that

δχ̃µa = ξ ·∂χ̃µa + ∂aξ
µ − ∂λξµχ̃λa (27)

where we have retained only the terms at most linear in the fields.
Now it is crucial to interpret the derivative ∂a in eq.(2) and (23) in the appropriate

way: the derivative ∂a means ∂a = δµa∂µ, not ∂a = eµa∂µ = (δµa − χµa) ∂µ. for the linear
correction −χµa∂µ is contained in the term −i[ha(x, u) ∗, ε(x, u)], see for instance the second
term in the RHS of the first equation (24). From this it is straightforward to make the
identifications

Aa = Ãa, χµa = χ̃µa (28)

The transformations (23), (24) allow us to interpret χµa as the fluctuation of the inverse
vielbein. Although the name master frame-like field for ha(x, u) is somewhat of an abuse
of language (because in fact ha contains only the fluctuating part of the frame field) we
shall refer to it with this name.

3 Local Lorentz symmetry

From the above identification we deduce that the HS-YM-like action may accommodate
gravity. However a gravitational interpretation requires the frame field to transform also
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under local Lorentz transformations. Therefore one would expect the master field ha to
transform and the action to be invariant under local Lorentz transformations (LLT).
This is apparently not so for the action (13), and, at least at first sight, the local Lorentz
invariance does not seem to be there.

Let us consider the simple case in which only the field Aa is non-vanishing, so that
the form of the Lagrangian is

LA ∼ FabF
ab, Fab = ∂aAb − ∂bAa (29)

This is not invariant under a local Lorentz transformation, because, under Aa → Aa +
Λa

bAb, the terms ((∂aΛb
c)Ac − (∂bΛa

c)Ac)F
ab are generated, that do not vanish. In

the sequel we would like to show that the local Lorentz symmetry is present in our
formulation of HS-YM like theories, albeit in a hidden form. It is however necessary to
change perspective and to resort to a different formulation of the geometry of gravity,
called teleparallelism.

Let us start by defining a trivial (inverse) frame eµa(x) as a frame that can be reduced
to a Kronecker delta by means of a local Lorentz transformation, i.e. such that there
exists a (pseudo)orthogonal transformation Oa

b(x) for which

Oa
b(x)eb

µ(x) = δµa (30)

As a consequence eb
µ(x) contains only inertial (non-dynamical) information. A full grav-

itational (dynamical) frame is the sum of a trivial frame and a nontrivial piece

Êµ
a (x) = ea

µ(x)− χ̂µa(x) . (31)

By means of the above LLT it can be reduced to the form

Eµ
a (x) = δµa − χµa(x) , (32)

where χµa(x) = Oa
b(x)χ̂µb (x). This is the form we have encountered above in HS theories.

In this framework the Kronecker delta represents a trivial frame. If we want to recover
local Lorentz covariance, instead of ∂a = δµa∂µ we must understand

∂a = ea
µ(x)∂µ, (33)

where ea
µ(x) is a trivial (or purely inertial) vielbein. In particular, under an infinitesimal

LLT, it transforms according to

δΛea
µ(x) = Λa

b(x)eb
µ(x) (34)

In a similar way we can define a trivial connection (or inertial spin connection) by

Aa
bµ =

(
O−1(x)∂µO(x)

)a
b (35)

where O(x) is a generic local (pseudo)orthogonal transformation (finite local Lorentz
transformation). The corresponding curvature vanishes

Ra
bµν = ∂µA

a
bν − ∂νAa

bµ + Aa
cµA

c
bν −Aa

cνA
c
bµ = 0 (36)

Now, the space of connection is affine, i.e. we can obtain any connection from a fixed
one by adding to it tensors that transform according to the adjoint representation. When
the spacetime is topologically trivial we can choose as origin of the affine space the 0
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connection. The latter is a particular member in the class of trivial connections as can be
easily verified. Let us start with the connection (35), and act on it with a finite Lorentz
transformation L(x) we get

Aµ(x)→ L(x)DµL
−1(x) = L(x)(∂µ + Aµ)L−1(x) (37)

If we choose L = O we get

Aµ(x)→ 0 (38)

After this operation the local Lorentz symmetry has disappeared, i.e. choosing the zero
spin connection amounts to fixing the local Lorenz gauge.

Aµ is nevertheless a connection and it makes sense to define the inertial covariant
derivative

Dµ = ∂µ + Aµ (39)

which is Lorentz covariant. In ordinary Riemannian geometry the vielbein is annihilated
by the covariant derivative provided we use it to build the metric and consequently the
Christoffel symbols. A trivial frame and a trivial connection have an analogous relation
provided the (pseudo)orthogonal transformation O in (30) and (35) is the same in both
cases. For we have

Dµe
ν
a =

(
∂µδ

b
a + Aµa

b
)
eνb = ∂µe

ν
a +

(
O−1∂µO

)
a
bO−1

b
cδνc

= ∂µO
−1
a

cδνc − ∂µO−1
a

cδνc = 0 (40)

From now on we assume that this is the case.
The connection Aµ contains only inertial and no gravitational information. It will

be referred to as the inertial connection. It is a non-dynamical object (its content is
pure gauge), and plays a role analogous to a trivial frame eµa(x), considered before. The
dynamical degrees of freedom will be contained in the adjoint tensor to be added to Aµ

in order to form a fully dynamical spin connection. The splitting, illustrated above, of
vierbein and spin connection into an inertial and a dynamical part goes under the name
of teleparallelism, see [21].

To complete our LL covariantization process of the HS-YM like theories, let us add
that replacing simple spacetime derivatives ∂µ with the inertial ones Dµ everywhere is not
enough. There is also another apparent inconsistency. Let us take, as an example, the HS
field strength Gab, (10). Following the above recipe we must replace everywhere, also in
the ∗ product, the ordinary derivatives with covariant ones (covariant with respect to the
spin connection Aa)

1. This changes the transformation properties for the various pieces.
For instance Dahb transforms differently from

δΛ(ha ∗ hb) = Λa
c(hc ∗ hb) + Λb

cha ∗ hc (41)

The inertial frame fixes this inconsistency. Instead of writing ∂a = δµa∂µ we must write
∂a = ea

µ(x)∂µ, where ea
µ(x) is a purely inertial frame. In particular, under a LLT, it

transforms according to δΛea
µ(x) = Λa

beb
µ(x).

Similarly, whenever a flat index Oa is met, we must rewrite it Oa = ea
µOµ. Finally in

spacetime integrated expression we must introduce in the integrand the factor e−1, where
e = det (eµa), the determinant of the inertial frame.

1Replacing ∂µ with Dµ does not create any ordering problem because [Dµ, Dν ] = 0.
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With such recipes all inconsistencies disappear. For instance

δΛ(DaJb) = Λa
c(DcJb) + Λb

c(DaJc)

Therefore δΛ(ηabDaJb) = 0.
Likewise

δΛGab = Λa
cGcb + Λb

cGac (42)

which implies the local Lorentz invariance of GabG
ab and of the full action (13).

It should be emphasized that this is a new approach to gravity. The HS gauge trans-
formation (2) reproduces both ordinary U(1) gauge transformations and diffeomorphisms,
but the eom of χµa are not quite the ordinary metric equations of motion: the linear eom
coincides with the ordinary one after gauge fixing, but there is a huge difference with
ordinary gravity because in the latter the interaction terms are infinite and include all
powers in the fluctuating field, while in the (13) there are at most cubic interaction terms.

4 Scalar and spinor master fields and BRST quanti-

zation

We can couple to the HS YM-like theories matter-type fields of any spin, for instance, a
complex multi-boson field

Φ(x, u) =
∞∑
n=0

1

n!
Φµ1µ2...µn(x)uµ1uµ2 . . . uµn (43)

which, under a master gauge transformation (2) transforms like δεΦ = iε ∗ Φ. We define
as well the covariant derivative D∗aΦ = ∂aΦ − iha ∗ Φ, which has the property δεD

∗
aΦ =

i ε ∗D∗aΦ. It follows that the kinetic action term 1
2
〈〈(Da

∗Φ)† ∗D∗aΦ〉〉 and potential terms
〈〈(Φ† ∗ Φ)n∗ 〉〉 are gauge invariant.

In a very similar manner we can introduce master spinor fields,

Ψ(x, u) =
∞∑
n=0

1

n!
Ψµ1...µn

(n) (x)uµ1 . . . uµn , (44)

where Ψ(0) is a Dirac field. Under HS gauge transformations it transforms according to
δεΨ = iε ∗Ψ, so we can define the covariant derivative

D∗aΨ = ∂aΨ− iha ∗Ψ (45)

so that δε(D
∗
aΨ) = iε ∗ (D∗aΨ). It is evident that the action

S(Ψ, h) = 〈〈ΨiγaDaΨ〉〉 = 〈〈Ψγa (i∂a + ha∗) Ψ〉〉 (46)

is invariant under the HS gauge transformations (2).
By adding a scalar field sector with suitable potential it is possible to implement the

Higgs mechanism, see [20].

This completes the presentation of the classical aspects of HS YM models. The rest of
the paper is devoted to quantization. We start with the BRST formulation of the models
and then we present the perturbative quantization.
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4.1 BRST quantization of HS Yang-Mills

To quantize the action (13) we must fix the gauge and apply the Faddeev-Popov approach.
We impose the Lorenz gauge with parameter α and apply the usual gauge theory approach.
The quantum action becomes

YM(ha, c, B) =
1

g2
〈〈−1

4
Gab ∗Gab − ha ∗ ∂aB − i∂ac ∗ D∗ac+

α

2
B ∗B〉〉 (47)

where c, c and B are the ghost, antighost and Nakanishi-Lautrup master fields, respec-
tively. c, c are anticommuting fields, while B is commuting.

The action (47) is invariant under the BRST transformations

sha = D∗ac, sc = ic ∗ c =
i

2
[c ∗, c], sc = iB, sB = 0 (48)

which are nilpotent. It follows in particular

s(D∗ac) = 0, s(c ∗ c) = 0

From the point of view of the u dependence c, c and B are to be expanded as in eq.(43).
Integrating out B in (47) we obtain the standard gauge-fixed form of the action.

YM(ha, c) =
1

g2
〈〈−1

4
Gab ∗Gab − 1

2α
∂ah

a ∗ ∂bhb − i∂ac ∗ D∗ac〉〉 (49)

5 Perturbative quantization

At this point we would like to produce formulas in order to be able to compute physical
amplitudes following the scheme of perturbative quantization in ordinary gauge theories.
This requires finding the propagators of the various component fields and identifying
the vertices. To do so we have to come to terms with the u integration. We proceed as
follows. We first rescale fields, coordinates and the coupling constant g, so as to factor out
an innocuous integral over u. Let us start by splitting the action (47) in quadratic, cubic
and quartic parts S2 +S3 +S4. Then we split

√
u2 = mu where m is a fixed mass scale and

u is the dimensionless variable part, and we redefine hµ1...µs−1
a → h

′µ1...µs−1
a = us−1hµ1...µs−1

a ,
the coordinates xµ → uxµ, and the coupling g → g

u
. Under these redefinition the kinetic

term, written as 〈〈haKabhb〉〉, remains the same apart from

〈〈haKabhb〉〉 −→ 〈〈haKabhb〉〉′ (50)

with u replaced by m. The symbol 〈〈 〉〉′ means that the integration measure has changed
to ∫

ddxddu −→ md

∫
ddxddu ud−2 (51)

Also S3 and S4 preserve the same form with u replaced by m and 〈〈 〉〉 replaced by 〈〈 〉〉′.
In other words, apart from this change of measure and the substitution of u replaced

by m, in the expressions S3, S4 and the kinetic term, nothing has changed. In particular
the dependence on u has disappeared from the integrand. Since now the integrand is u
independent we can factor out the quantity

Vd = md

∫
ddu ud−2 (52)
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and simply get rid of it.
We refer to this configuration of the theory, in which a mass parameter m is evoked,

the frozen momentum frame. It is our framework for quantization.
Finally we are simply left with the spacetime action S = S2 + S3 + S4:

S2 =

∫
ddx

∑
{µ},{ν}

hTa{µ}(x)K
{µ}{ν}
ab (x,m)hb{ν}(x) (53)

where hTa{µ} = (Aa, χaµ, b
a
µ1µ2

, caµ1µ2µ3 , . . .).

S3 = −g
∫
ddx

{
∂aAb(∂σAaχ

σ
b − ∂σAbχσa) (54)

− 1

24
(∂aAb − ∂bAa)

(
∂σ1∂σ2∂σ3Aa c

σ1σ2σ3
b + 3∂σ3b

σ1σ2
a ∂σ1∂σ2χ

σ3
b

)
+
m2

2d

(
∂aAb∂σbaµ

µχσb − ∂aAb∂σbbµµχσa + . . .
)

+ . . .

}
and

S4 = −g
2

2

∫
ddx

{(
∂σA

aχbσ − ∂σAbχaσ
)
∂τAaχ

τ
b (55)

+
m2

d

((
∂σA

aχbσ − ∂σAbχaσ
)(
∂τAacbν

τν + 2∂τχ
ν
abbν

τ + ∂τbaν
νχτb
)

+ . . .

}
Now, the kinetic operator in (53) is

K
{µ}{ν}
ab (x,m) =

(
ηab�x −

α− 1

α
∂xa∂

x
b

)
N{µ}{ν}(m) ≡ Kx

abN
{µ}{ν}(m) (56)

with

N{µ}{ν}(m) = (57)

1 0 ην1ν2 m2

2d
0 Πν1ν2ν3ν4 m4

4!d(d+2)
0

0 ηµ1ν1 m2

d
0 Πµ1ν1ν2ν3 m4

3!d(d+2)
0 . . .

ηµ1µ2 m2

2d
0 Πµ1µ2ν1ν2 m4

4d(d+2)
0 . . . . . .

0 Πµ1µ2µ3ν1 m4

3!d(d+2)
0 . . . . . . . . .

Πµ1µ2µ3µ4 m4

4!d(d+2)
0 . . . . . . . . . . . .

0 . . . . . . . . . . . . . . .


where Πµνλρ = ηµνηλρ+ηµληνρ+ηµρηνλ. If the inverse of this matrix exists the propagator
in momentum space is

P̃
{µ}{ν}
ab (k,m) = −i

(
ηab
k2

+ (α− 1)
kakb
k4

)
M{µ}{ν}(m) (58)

where M is the inverse of N , i.e.

N{µ}{ν}(m)M{ν}{λ}(m) = δ
{µ}
{λ}

One can rapidly verify that the matrix N is not invertible. To achieve invertibility we
must restrict ourselves to traceless component fields, in which case both matrices N and

11



M are diagonal and

M̃
{µ}
{ν} (m) =


1 0 0 0 0 . . .
0 δµ1ν1

1
m2 0 0 0 . . .

0 0 ∆µ1µ2
ν1ν2

1
m4 0 0 . . .

0 0 0 ∆µ1µ2µ3
ν1ν2ν3

1
m6 0 . . .

0 0 0 0 ∆µ1µ2µ3µ4
ν1ν2ν3ν4

1
m8 . . .

. . . . . . . . . . . . . . . . . .

 (59)

where

∆(n)µ1...µn
ν1...νn

≡ ∆µ1...µn
ν1...νn

=
1

n!

(
δµ1ν1 . . . δ

µn
νn + perm(µ1, . . . , µn)

)
(60)

The tilde on the matrix M is to remember the restriction to a traceless basis. As will
appear soon this restriction is not arbitrary, it indeed necessary in order to guarantee
absence of ghosts.

6 Physical and unphysical modes, hidden and mani-

fest symmetry

The HS-YM models abound of unphysical modes. Some of them, related to the index
a of ha , are taken care of by the BRST quantization and canceled by the FP ghosts.
But there are many others related to the indices µ1, . . . , µn, which are visible in the
form of the propagator (59). To be precise by physical modes of hµ1...µna we understand
solutions of its free massless equation of motion represented by a plane wave multiplied
by a polarization, say θµ1...µna , with non-negative norm: θµ1...µna θaµ1...µn ≥ 0. To distinguish

these physical modes from the strictly transverse ones, i.e. hj1...jni , we call the latter strictly
physical.

How do we get rid of these unphysical modes and how do we guarantee Lorentz covari-
ance? The argument is simple. It consists in decomposing the tensor ∆

(n)
µ1...µn,ν1...νn , into

a sum of orthogonal projectors, each corresponding to a representation of the Lorentz
group. Only one projector in this sum projects to physical states, which are traceless
and transverse. Therefore replacing in (59) the identity ∆

(n)
µ1...µn,ν1...νn with this unique

(Lorentz covariant) projector guarantees that, in amplitudes with physical states in the
external legs, only physical states propagate in the internal line, thus ensuring the absence
of propagating unphysical modes in any physical process.

Let us introduce the elementary projectors

πµν = ηµν −
kµkν
k2

, ωµν =
kµkν
k2

(61)

with the properties

πµν π
ν
λ = πµλ, ωµν ω

ν
λ = ωµλ, πµν ω

ν
λ = 0 (62)

π is transverse, while ω is not.
Let us see, as an example, the well-known case n = 2:

∆(2)
µ1µ2,ν1ν2

= P (2)
µ1µ2,ν1ν2

+ P (1)
µ1µ2,ν1ν2

+ P (0)
µ1µ2,ν1ν2

+ P
(0)

µ1µ2,ν1ν2
(63)
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where

P (2)
µ1µ2,ν1ν2

=
1

2
(πµ1ν1πµ2ν2 + πµ1ν2πµ2ν1)−

1

d− 1
πµ1µ2πν1ν2 (64)

P (1)
µ1µ2,ν1ν2

=
1

2
(πµ1ν1ωµ2ν2 + πµ1ν2ωµ2ν1 + ωµ1ν1πµ2ν2 + ωµ1ν2πµ2ν1) (65)

P (0)
µ1µ2,ν1ν2

=
1

d− 1
πµ1µ2πν1ν2 (66)

P
(0)

µ1µ2,ν1ν2
= ωµ1µ2ων1ν2 (67)

These are projectors orthogonal to one another. P (2) is transverse and traceless. P (1) is

traceless but not transverse, P (0) is transverse but not traceless, P
(0)

is neither transverse
nor traceless. The relevant physical projector is of course P (2). This decomposition can
be generalized. For any n we can extract from ∆(n) a unique transverse traceless projector
P(n), see [20]:

∆(n)
µ1...µn,ν1...νn

= P(n)
µ1...µn,ν1...νn

+

pn∑
i=1

P (i)
µ1...µn,ν1...νn

(68)

where P(n) is transverse and traceless, while the remaining P (i) are traceful or non-
transverse or both. The projector P(n) is the only one that projects onto the physical
degrees of freedom. All the others project to nonphysical modes.All the above projectors
are mutually orthogonal. It is worth stressing that they are all Lorentz covariant.

Inserting in Feynman amplitudes only propagators where ∆(n) are replaced by P(n)

guarantees that only the physical modes propagate (and no physical modes are excluded).
So far we have considered only the ha component fields, but one can easily see that the
same rules can be applied also to ghost and matter fields.

6.1 Hidden and manifest gauge symmetry

The prescription given above for constructing physical amplitudes, i.e. using Feynman di-
agram where the ordinary propagators are replaced by new ones containing the transverse
and traceless projectors P(n), guarantees that only physical modes propagate in the in-
ternal lines (while preserving Lorentz covariance). In other words, it guarantees unitarity
for first order amplitudes. This raises two questions. The first is: we are familiar with the
mechanism that ties the elimination of unphysical modes to the existence in the theory
of a gauge symmetry, is it the same in HSYM theories and in what sense? Returning
to the master field ha(x, u), to compensate for the unphysical degrees of freedom in such
theories we would need a symmetry under local transformations of the master field ha
components, parametrized as follows

δhµ1...µna (x) ∼ ∂(µ1Λµ2...µn)
a (x) + . . . , n ≥ 2. (69)

linear in Λµ2...µn
a , but with possible additional terms represented by the ellipses. The HS-

YM action is clearly not invariant under such transformations. The point is that, similarly
to local Lorentz invariance, this gauge invariance is completely fixed in the defining action
(13). But similar to local Lorentz symmetry, this additional gauge symmetry can be
implemented by suitably modifying the original action: just replace everywhere in the
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action any component field hµ1...µna with n ≥ 2 with its projection by the appropriate P(n)

in configuration space. This means that πµν is replaced by

π̌µν(∂) = ηµν −
∂µ∂ν
�

(70)

For instance the third component field bµνa becomes

b̌a = ba −
∂

�
∂ ·ba +

∂2

�2
∂ ·∂ ·ba −

1

d− 1

(
η − ∂2

�

)(
b′a −

1

�
∂ ·∂ ·ba

)
(71)

where we have adopted the compact notation of [7], where the upper symmetric indices
are understood, a dot, ·, denotes index contraction, a prime ′ denotes a trace, free ∂ a
gradient.

The same can be done for all the components of ha with more than 2 upper indices.
After such replacements (13) becomes a nonlocal action, let us call it YM(ȟ), which is,
however, automatically invariant under

δhµ1...µna (x) = n ∂(µ1Λµ2...µn)
a (x), n ≥ 2. (72)

This follows from the fact that all P(n) are transverse to the momentum and from the form
of (72) where a derivative always factors out. The nonlocality can possibly be reabsorbed
by adding suitable auxiliary fields, much like in [7] (for free HS theories).

But now comes the second question: a procedure like the one just outlined can in
principle be applied to any theory; what makes HS-YM like theories different from a
generic one? Things may go well at the lowest order, but what happens at the next
orders? This question clearly calls forth renormalization (together with unitarity).

We remark that the new action YM(ȟ) has the same form as (13). Therefore it is
invariant also under the new HS gauge transformations

δε̂ȟa(x, u) = ∂aε̌(x, u)− i[ȟa(x, u) ∗, ε̌(x, u)] (73)

So the new action is invariant both under these HS gauge transformations and under
(72). The relation between ε̌ and the ε of the original HS gauge transform (2) may
be very complicated, and, in particular, field dependent and nonlocal. However what
matters is that such a symmetry exists in the new action and allows us to write down the
corresponding Ward identities, which are the building blocks of renormalization. This is
our future challenge.

7 Conclusions

This paper is a progress report on massless HS-YM-like theories in flat spacetime. We
have shown that such theories can be constructed in any dimension, we have defined
their actions and found their equations of motion. They are perturbatively local. They
are characterized by a HS gauge symmetry which includes in particular ordinary gauge
transformations and diffeomorphisms. Although initially the local Lorentz symmetry is
missing, we have shown how to recover it, so that it is legitimate to say that these theories
can incorporate gravity. Much like in ordinary gauge theories, with the addition of ghosts
and auxiliary fields, they can be easily BRST quantized. Also the Higgs mechanism can
be reproduced. HS-YM-like theories can also be presented in a supersymmetric version,
in which rigid supersymmetry coexists with gravity, see [22].
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We have also taken on the problem of the perturbative quantization of HS YM-like
models. We have seen that a perturbative expansion and the relevant Feynman diagrams
can be defined. In this context a crucial issue is represented by the unphysical modes.
In a gauge theory they are unavoidable, and may lead to unitarity violations; but good
theories contain the necessary antidotes. This seems to be the case also for the HS YM-like
theories. We have shown that the quantum perturbative series for physical amplitudes
can be formulated in such a way as to exclude unphysical modes and allow only the
propagation of the physical ones. This remarkable result has been obtained by using both
the traditional FP ghosts and a system of projectors to the transverse and traceless modes
for the non-frame indices.

In this context an important issue is the gauge symmetry origin of the unphysical
modes. In the initial formulation there is no trace of such a symmetry. But, starting from
the idea that such a symmetry exists but is hidden, we have shown that it can be unfolded
by incorporating nonlocal terms in the theory. That is, the hidden gauge symmetry can
be made manifest in the action at the price of introducing non-local terms in it. One
can turn around this conclusion by saying that non-locality is a gauge artifact, because
it disappears if we return to the initial formulation of the theory. In other words, the
HS-YM models can take a perturbatively local or a non-local form. In both cases they
are characterized by a YM-like HS gauge symmetry, which may be the passe-partout for
renormalization and unitarity. This is the bet of our research program.
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