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Abstract

The paper presents a specific type of nonlinear dynamical systems which is used
as a toy model in the cognition sciences. The system, known as Chua circuit, repre-
sents an electronic circuit including a nonlinear element and, despite its simplicity,
the attached system of nonlinear differential equations is very rich in the dynamical
states, with interesting transitions between chaos to regular dynamics. A presenta-
tion of the circuit, as well as of its connection with neural networks are illustrated
and problems related to symmetries, invariants and integrability are tackled out.
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1 Introduction

Understanding the way of thinking and how the information is transmitted and shared
inside the human body represents an important chalange of the XXI-st century science.
Neuroscientists, psychologists, mathematicians, physicists, engineers, but philosophers
too, debate and propose models for the human thinking and for the artificial intelligence.
[1] Electronic memories, inteligent robots and cellular automata are nowdays used as
example of cognitive systems. New concepts or scientific disciplines try to explain the
complex phenomena in the field of cognitive sciences: chaos and regular dynamics, limit
cycles and strange attractors, fractal geometry and fractional calculus, stochasticity and
self-organization. The aim of this paper is exactly to tackle part of these notions and to
show how they have been developed for modelling the transmission of neural flows, seen
as a nonlinear dynamical process. The topic can be addressed from many perspectives,
including biological, mathematical, and engineering ones. The main biological model of
the neural flow is due to Hodgkin and Huxley [2], but many other approaches have been
also proposed [3]. In what follows we will concentrate on the engineering and mathemat-
ical perspectives, illustrating the complexity of the neural flow transmission through the
electronic circuit proposed by Leon Chua in 1983 [4]. The circuit produces signals quite
similar with those registered for the human brain and it is able to generate a rich variety
of dynamical phenomena, ranging from fixed points to cycle points, regular dynamics
with multiple scrolls [5], bifurcations, sensitive dependence on initial conditions and other
standard routes to chaos [6].

From engineering point of view, Chua circuit is a quite simple electric circuit containing
a nonlinear element called the Chua diode. The circuit is very well known as generator
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of chaotic signals [7], with many practical applications, starting from telecomunication or
neurosciences (modelling neural networks), till to the creation of tunes and sound effects
highly appreciated in the electronic music. From mathematical point of view, the Kirchoff
’s law for the circuit generate a set of three first order ordinary differential equations
which, again despite their simplicity, prove to have chaotic behaviors similar with those of
Lorenz type systems. The richness of the dynamical states made that the intensive studies
already done to not exhaust yet the description of the circuit, various new aspects and
characteristics being still emphasized in an important number of scientific contributions.
We will point some of these last contributions, also proposing a generalization of the Chua
system within a form which could connect Chua and Lorenz dynamics. More precisely,
we will consider a system whose dynamics is described by the following equations:

= aly — f(z))
= br+cy—g(z, 2) (1)
z = mz+ h(z,y)

There are three arbitrary functions and four parameters which determine the evolution
of the system (1). Depending on the values of all these, the system could generate chaos
or could have regular dynamics. We will not enter here in deep details concerning the
possible dynamics (1) can engender, leaving this task for later investigations. We notice
only that the choice f(z) =z, g(z,2) = zz and h(z,y) = xy corresponds to Lorenz case,
while the Chua circuit is described by g(z,2) = —z,b = —c = 1,m = 0,h(z,y) = =0y
and arbitrary f(x). The corresponding systems are respectively:
Lorenz system:

& = a(z—y)
) = br+cy—az (2)
zZ = mz+uxy
Chua system:
aly — f(z))
= r—y+=z (3)
z = —py.

We will focus our study on the system (3), but we will relate our results with those
already reported in literature for Lorenz system. More concretely, we will compute the Lie
symmetries and the invariants of (3) and we will identify some integrability conditions.

2 Chua circuit and the attached equations

Let us consider the circuit in Figure 1. It consists of two capacitors C; and C5 and
one inductance L, all these three energy-storing components being connected on three
parallel branches of the circuit. The capacitors are related through a resistor with the
electric resistance R or, equivalently, with the conductance G = 1/R. The key element of
the circuit is the nonlinear resistor Rx which represents in fact a special diode with the
internal structure shown in the right hand side of Figure 1.

Let us denote by V7, respectively V5, the potential differences on the two capacitors and
by Vi, Vx those corresponding to the other two branches. Correspondingly, the current
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Figure 1: The Chua circuit (left) and the internal structure of the nonlinear resistor Ry
(right).

intensities will be I, I, Is, Ix. All the circuit elements have liniar characteristics,
excepting the Chua diode whose charateristic Ix = ¢g(Vx) is strongly nonlinear, but
chosen to be symmetric in respect with positive or negative values of the potential. As
we will see, its form will be expressed in (1) through the nonlinear function f(x).

The concrete form of the Chua system is obtaining by writting down the Kirchhoff’s
law for the circuit from below. They will have the form:

i 1 1

dVsy 1 1

oz _ + =7 4
dt ch(vl V2) + Cy, t (4)
ly

= V=V Vx =V,
7 L 2; Vx 1
Many examples of nonlinear conductance g(Vx) = ¢(V;) have been considered in litera-
ture and the usual procedure to tackle on the integrability of (1) is to apply a suitable
linearization procedure. In his initial approach, Leon Chua approximated the diode’s
conductance by a linear function with three antisymmetrical segments:

9(V2) = AVi + (A~ BYVi +1] = Vi ~ 1] @

We denoted by A the slope of the central part of the linearized characteristic (passing
through origin) and by B the slopes of the outer sections, connected by the central part in
the breakpoints +1. Practically, the diode is replaced by a special limear element which
changes the slope in the breakpoints and, very important, presents a "negative" electric
resistance.

The main merits of the Chua circuit in its initial version were related to the simplicity,
to its realistic and inexpensive elements, as well as to the possibility of transposing it
in a system of differential equations suitable for numerical investigations. However, after
Chua’s proposal, there were many other alternative designs of equivalent circuits. For
example, a single multi-tap digital potentiometer instead of the constant resistor has
been used and various types of microcontrollers has been set for an automatic control of
the digital potentiometer [8].
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3 Chaos and symmetries for Chua system

The Lie symmetries of (1) can be studied by transforming the system in a third order
differential equation. We will proceed to a direct investigation of the symmetries of (1),
starting from the Lie operator:

X(t,x,y,2) = 0 + &0y + pOy + @O, (6)

As the equations are first order differential equations, we have to impose their invariance
at the action of the first order prolongation of (6):

XW =X +£0; + p'0; + ¢'0: (7)

Restricting from the beginning to the case ¢ = const.,{ = &(x,t), p = p(t,z,y, z) and
¢ = ¢(t,x,y, z), the invariance conditions will lead to the following set of equations:

€+ a6, f(r) + ag oL = (®)

p(x,y,z,t) = (2, )y = p = p(z,y,1) (9)

ol 2o, — €)LD gy 2 200D (10
py +brp, —cp+ cyp, + ayp, — af(z)p, +b{ =0 (11)

¢+ mz¢, + h(z,y), + ay, — af(x)¢, + brd, + cyo, — g(x,2)¢, —mo =0 (12)

Oh(z,y) pah(x, y)
ox dy
There are 6 equations and 6 unknown functions: f(z),g(z, 2), h(z,y),&(z,t), p(z,y, 2, 1)
and ¢(z,y,z,t). Aparently we get a determinated system which could be solved. In
reality the system can be solved by imposing some supplementary constraints only. Such
constraints usually consist in concrete choices for the general functions f(z), g(z,2) and

h(z,y).

We will not go further with the investigation of this general case, restricting ourselves
to the investigation of the symmetries of Chua system (3), as a special case of the general
system (1). We note than an alternative approach for investigating the Lie symmetries
of the Chua system could be to transform it into a single differential equation of higer
order, as it has been done for Lorenz system in [9]. Doing that, the following third-order
ordinary differential equation is obtained:

§

=0 (13)

T+ [f(2) +1)i + f(2)a? + [f(x) + B —a]i + Bf(x) = 0. (14)

We will start our investigations by considering the general Lie operator of the form:
X(t,x) = @(t,x)0 + &(t, )0, (15)

The governing Eq. (14) remains invariant under the action of the symmetry generator
(15) iff the following condition is satisfied:

XOUE 4 [f(2) + Ui + f(2)d® + [f(x) + 8 — i + Bf (2)] = 0. (16)
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where X®) represents the third prolongation of the symmetry generator given by the
expression:

XOUt,x) = 90, + 60 + ¢'0; + 605 + ¢" 0 (17)
The above invariant condition (16) could be written into the equivalent form:
O (@)E + f(@)a® + f(2)d + Bf (@)] + ¢'2f (0)3 + f(2) + B — o]+

+¢?[f(x) + 1]+ ¢* = 0. (18)

Substituting into Eq. (18) the appropriate coefficients functions ¢', ¢*, ¢*" given in [10]
and using Eq. (14), we can obtain a determining system which could be reduced to the
following partial differential system:

¢2x =0, (19)
3¢, —3p+ (p+1) f+¢ f=0, (20)
Buan) T (6p+ @) f+(f+ 1)y, + 6 f =0, (21)
30ane 20, — @ — P —2(a — B)p+
(20 + 26, — @) [+ (26, +¢) f =0, (22)
Gy — (@ = B)y + by + B3P — ¢,) [+
(B + ¢y + ) [ =0. (23)

with unknown functions ¢(t), ¢(t, z) and f(z).
The Eq. (19) requires for ¢ the following linear form:

o(t,x) = g(t)x + h(t). (24)

The expression (19) will be inserted into the all remaining equations of the previous
system. If in addition we differentiate Eq. (20) with respect to ¢ and correlating the result
with Eq. (22), the following equivalent system is derived:

[9(t) + ()] fl@) + g(D)x f(x)+n(t) f(z)=0,

2[5(1) = ¢(t) = (a = B)@(t) +29(1)] + 2[4 (t) + o(t ) +4(t)] fla)+
[9(t) + 9]z f(2) + [Alt) + h(D)] f(z) = (25)
B () + h(t) = (@ = B)A(t) + [9(1) +§(t) — (a = B)g(D)]x + [§(t ) +4(t) + Bg(t)] f(x)+
[A(t) + (t) + Bh(D)] f(x) + [36o(t) — Bg(t)] f(x) = 0.

Considering the first three equations from the previous ”determining system” and using
Maple computational facilities, the following solutions arise for ¢ (), ¢(t) and f(z).

1)

flz) = car+ec
¢ =0 (26)

(I+cq)

o(t) = c3+cqe 3
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¢ = Fy(t)r+ F1) (27)
p(t) = / e V PO =t 4 e i+

dt
3)
f(l’) = 0—241'2 + (0164 -1+ 6CQ>ZL‘ +c5
¢ = cze? (x4 cp) (28)
o(t) = —Z—ze”t + cg
4)
fla) = —2a? = (14 D)ot g
&) 2
6 = zd%t(t) + R+ o) (29)
o(t) = —/ — Fi(t)dt + ¢4
5)
flx) = —z+In(cg+2)ce +In(e; + )1 +¢3
o = Fi(t)(z+c) (30)
gO(t) = /Fl(t)dt + ¢y
6)
e (3 4 ¢g) ) 3¢y
f@) = ca(1 — cy) B (1 * C_4 a 302) Tt
b = cxe(z+cy) 31)
o) = 29
(&)

These solutions represent cases in which nontrivial Lie symmetries exist and invariant
solutions of the Chua system can be generated.

Two particular cases of the previous equations will be considered below. The first case
is f(z) = 2. It can be checked that the Lie symmetry has in this case the form:

3
X = <—§t + 04) O + (tz + c1 + eot + c5t?) O, (32)
for the following values of the parameters:
1 8
=y Py (32)

Another choice, very often discussed in literature as an interesting case of chaotic

behavior, is f(z) = 3. In this case, equating with zero the time dependent coefficient

functions of terms with various powers of x in the system (25), we get:
h(t) =0 (34)
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and the following differential system:

p(t) +29(t) = 0,
g@t) +4(@t) — (a = B)g(t) = 0,
3g(t) + 39( ) —4Bg(t) = 0, (35)
49(t) —g(t) = 0,
59(t) +4(a — P)g(t) = 0.
The solution admitted by the previous system is:
g(t) =0, ¢(t) = ¢ = const. (36)

It corresponds to the Lie operator X = c0d; which generates the time translations.
The master equation (14) admits Lie symmetries corresponding to ¢ # 0 only in the
case for which the compatibility condition for the system (35) is verified:

70 15
The associated symmetry operator is:
X = —8¢1d, + eizd, (38)
@ ®
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Figure 2: Regular and chaotic behavior of Chua system.

As far as the dynamics of the systems, some simulations we made, show that, depend-
ing on the values of the parameters o and 3, by numerical investigation we will notice a
dual dynamical behavior, chaotic and regular orbits, as it is presented in the Figure 2. No
Hopf bifurcation and no limit cycle appear because there are not pure imaginary roots.
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4 Conclusions

We investigated Chua type circuits, well-known for their rich dynamical behavior and
extensively used in the description of phenomena specific for cognitive systems. The pre-
sentation focused on the aspects related to the stability and integrability of the underlying
system of differential equations. The investigation has been done using the Lie symmetry
method [11] and the invariant theory. For determining the Lie symmetries of the system.
the Chua system (3) was previously transformed in a third order differential equation. The
procedure allowed to determine all possible nonlinearities f(z) for which nontrivial Lie
symmetries could appear. The special cases f(x) = x and f(x) = x3, very often consid-
ered in the studies of the Chua circuit, were also tackled out and we found that, for special
choices of the parameters o and [ interesting invariant solutions can be also generated.
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