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On the path integral quantization of the
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Abstract
Massive 4-forms are analyzed from the point of view of the Hamiltonian quanti-
zation using the gauge-unfixing approach. This method finally output the manifestly
Lorentz covariant path integral for 3- and 4-forms with Stiickelberg coupling.

PACS number: 11.10.Ef

1 Introduction

Antisymmetric tensor fields of various orders (p-form gauge fields) has been intensively
studied as they play an important role in modern theories like string and superstring
theory, supergravity and the gauge theory of gravity [1]-[5]. Particulary they are included
within the supergravity multiplets of many supergravity theories [3]-[4]. Moreover, p-
forms have a special place in the theory of p-branes [5], where (p+1)-forms couple naturally
to p-branes. In fact, it is known that the configuration space for closed p-branes is nothing
but the space of all closed p-manifolds embedded in space-time, in which background rank-
(p+ 1) antisymmetric tensor fields should be analyzed in connection with their geometric
aspects.

The main aim of this paper is to quantize massive 4-forms using gauge-unfixing method
[6]-[7]. This approach relies on separating the second-class constraints into two subsets,
one of them being first-class and the other providing some canonical gauge conditions
for the first-class subset. Starting from the canonical Hamiltonian of the original second-
class system, one constructs a first-class Hamiltonian with respect to the first-class subset
through an operator that projects any smooth function defined on the phase-space into
a function that is in strong involution with the first-class subset. A systematic BRST
treatment of the gauge-unfixed method has been realized in [8]-[9].

This paper is organized in four sections. In Section 2 we start from a bosonic second-
class constrained system and briefly expose the above mentioned method of constructing
first-class system equivalent with the original theory. In Section 3 we apply the gauge-
unfixed method to massive 4-forms and meanwhile obtain the path integral corresponding
to the first-class system associated with this model. After integrating out the auxil-
iary fields and performing some field redefinitions, we obtain nothing but the manifestly
Lorentz covariant path integral corresponding to the Lagrangian formulation of the first-
class system, which reduce to the Lagrangian path integral for Stiickelberg-coupled 3- and
4-forms. Section 4 ends the paper with the main conclusions.
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2 Gauge unfixing (GU) method

The starting point is a bosonic dynamic system with the phase-space locally parameterized

by n canonical pairs 2* = (¢', p;), endowed with the canonical Hamiltonian H,., and
subject to the purely second-class constraints
Xap (2%) = 0, ag = 1,2M,. (1)
Assume that one can split the second-class constraint set (1) into two subsets
Xao (Za> = <G5<o (Za) 7CBO (Za>> ~ 07 CYO:BO - 17 M07 (2)
such that .
[G&m GBO} = DQEBOG’VO‘ (3)
Relations (3) yield the subset
G@O (Za) ~0 (4)
to be first-class. The second-class behaviour of the overall constraint set ensures that
C (2*) =0 (5)

may be regarded as some gauge-fixing conditions for first-class set (4).

We introduce an operator X [10]-[11] that associates with every smooth function F
on the original phase-space an application X F, which is in strong involution with the
functions Gp,,

RF = F—C%[Gy Fl 4+ gc@ooﬁo (Gao, [Gan F]] =+ | (6)
[XF, Gc—m} —0. (7)

With the help of this operator we construct a first-class (with respect to the constraints
(4)) Hamiltonian X H, starting from canonical Hamiltonian H..

If we denote by Sp and Sgpy the original and respectively the gauge-unfixed system,
then they are classically equivalent since they possess the same number of physical degrees
of freedom

1
NO == 5 (2n - 2M0> == NGU (8)
and the corresponding algebras of classical observables are isomorphic
Phys (So) = Phys (Scu) - (9)

Consequently, the two systems become also equivalent at the level of the path integral
quantization, and we can to replace the Hamiltonian path integral of the original second-
class theory

Zo = /D(z“,)\ao)detQGao,CBOD X

exp [i / dt (i'ps — Ho — A%x%)] , (10)

with the Hamiltonian path integral of the gauge-unfixed first-class system

dar = [ (I ) (3 (fer ™)

X exp {i/dt (qui _XH, - A%Gdo)] . (11)



3 Massive 4-forms

We start from the Lagrangian action of massive 4-forms in D > 5 [12]-[13]

1 m?
S [Apwpr] = / d (—2'—5!FW,,MF e 5 ar A" VPA) : (12)

with m the mass of A,,,» and F), ), the field strength of the 4-form, defined in the
standard manner as F, 0o = O, Aiprs). Everywhere in this paper the notation [uv ... p]
signifies complete antisymmetry with respect to the (Lorentz) indices between brackets,
with the conventions that the minimum number of terms is always used and the result
is never divided by the number of terms. We work with the Minkowski metric tensor of
‘mostly minus’ signature o, = o* = diag (+ — ... —). In the sequel we denote by m#**A
the canonical momenta respectively conjugated with A,,,x. The canonical analysis of this
model [14]-[15] provides the constraints

@ik = g9 lidk _ m? A%k ~ 14
and the canonical Hamiltonian

HC(:L'O) = /lel' (—127Tijkl7l'l]kl + 2—5'FUMF”M

m2

—FﬂAWmA‘“’pA - 4A0ijk8l7r”jk) . (15)

The matrix of the Poisson brackets among the above constraints is expressed by

m? 0 Lol
- C LTI K]

and is easy to see that it is invertible. In consequence, the constraints (13) and (14) are
second-class and irreducible [16].

According to the GU method we consider (14) as the first-class constraint set and the
remaining constraints (13) as the corresponding canonical gauge conditions and redefine
the first-class constraints as

g 1 ) 2 i
Gk = — (487Tl gk 30 Aojk) ~ 0. (17)

The other choice, (13) as the first-class constraint set and the remaining constraints (14)
as the corresponding canonical gauge conditions yields a path integral that cannot be
written in a manifestly covariant form [17]-[18]. The first-class Hamiltonian with respect
o (17) follows from relation (6) where H.(y°) is displayed in (15)

H.(4") = Ho() — / Py (4) [G9* (4), Ho(4)]
% / dPydP L) (y) xio (4, 2)
x [G* (y) [G'7 (y°,2) , He (y°)]] — -
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1 1

— g imikned T | (18)

= H.(y°) - /dD_ly {%qﬂjkl]m‘l”kl -
In order to obtain an manifestly Lorentz covariant path integral we pass to another first-
class system equivalent with the original, second-class one at both classical and path
integral levels. It is well known that any irreducible set of constraints can always be
replaced by a reducible one by introducing constraints that are consequences of the ones
already at hand [16]. In view of this, we supplement (17) with G¥ = —229,G* ~ 0,
such that the new constraint set

G Jk = _W (48[7Tl Jk _ yAO ]k) =~ 0, (].9)
2
G = —%@AOW ~ 0, (20)

remains first-class and, moreover, becomes off-shell third-order reducible, with first-order
reducibility relations

745G+ 719G =0,  ZLGY =0, (21)
the second-order ones
ZEZ =0,  ZRZS+ ZPZL =0, 27!, =0, (22)

and respectively third-order reducibility relations
Zle’; =0, Z,7Z" + Z 7, = 0. (23)

The reducibility functions reads as

1 1 1
lg _ l lg _ [ lg _ Ll
P 1 P 1
Zl = —wél, Zl - 81, Z - % (25)

This procedure preserves the classical equivalence with the first-class theory from the GU
method since the number of physical degrees of freedom or the algebra classical observables
does not change, and keeps the first-class Hamiltonian, such that the evolution is not
affected. The GU and third-order reducible first-class systems remain equivalent also at
the level of the Hamiltonian path integral quantization. This further implies, given the
established equivalence between the GU first-class system and the original second-class
theory, that the third-order reducible first-class system is completely equivalent with the
original second-class theory.
At this stage, it is useful to make the canonical transformation
1

AOZ]k o 2Hmk’ 7_{_Ozﬂc m2B”k. (26)
m

The constraints (19) and (20) become
G = —2 (49 4 Lok ~ o (27)
oom? : 3! o
G = gakn’m ~ 0, (28)
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and remain first-class and third-order reducible, while the first-class Hamiltonian (18)
takes the form

m2

24!

1 5 5
Heou(y®) = /ley l—l%z‘jm”kl + — Fyju M+ Ayjrg ATH

25!
2

m . .
7 Aumd B + na B0 B7*
1 1

- 1 - |

ijk lijk ijk
Due to the equivalence between the third-order reducible first-class system and the
original second-class theory, one can replace the Hamiltonian path integral of massive
4-forms with that associated with the reducible first-class system. The argument of the
exponential from the Hamiltonian path integral of the reducible first-class system read as

SGU = /dDZL‘ [(80Aijkl) 7Tijkl + (803”16) Hijk

+ 127 IR — ﬁﬂjquF”qu - nA”MA”M
—ZE—;Aijkla[iBjkl] 5 4|5[Z k] aiBjkl]
%%&HU,@H”’“ - %szk <4am”jk + %Hij’“)
+$)\ij <4al7r“jk + %Hijk) - %Aij (&cn’“‘j)} : (30)
If we perform the transformation
A g— Nije — Nijk = Aiji — Wi (31)

in the path integral, the argument of the exponential becomes

Sev = /dDiC [(aOAijkl) 7K (8 Byjy,) TT9F

+127Tijkl7rijkl_ﬁﬂjquFijqu 5 4,14@]1@114”“
m? _ 1 1 g
A [i Rkl _ Jkl] ijk
o A;jr0" B 7 4'3[1 ki) 8 ‘B4 — 3.3l
1 - I
+—5 Nijh (48ﬂrl”k + gH”’f) — —AU (0, I1%7) | . (32)

The reducible first-class system constructed in the above display the Hamiltonian path
integral

T = / D (fields) p ([Agud), [Bige]) exp (iS0) (33)

where by ‘ fields’ we denoted the present fields, the associated momenta and the Lagrange
multipliers, and by ‘u ([A;u], [Bijk])’ the integration measure associated with the model
subject to the reducible first-class constraints (19) and (20).

In order to infer from (33) a path integral that leads, after integrating out the auxiliary
variables, a manifestly Lorentz covariant functional in its exponential, we enlarge the
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original phase-space with the Lagrange multipliers Xijk and \;; respectively associated
with the first-class constraints (19) and (20) [16] and with their canonical momenta p/*
and p*. In order to preserve the number of degrees of freedom we add the constraints

P70,  pY =0, (34)
The argument of the exponential from the Hamiltonian path integral for the first-class

theory with the phase-space locally parameterized by {Ajki, Bijk, Nijk, Aij, m9r TI9F
p*. p¥} and subject to the first-class constraints (27), (28), and (34) reads as

SgU = /dD.’IZ [(80Aijkl) Wijkl + (aoszk) Hijk + 127Tijkl7'('ijkl

2
—ﬁﬂjqu Ikl 277.1 4|AijklAijkl
m2 . .
—ZAijkla[lBjkl] 5. 4‘8“ 4y O BIM
—i—LLlT R _5\, " (4317#%']"6 + lHijk)
m22-3" " m2" 3!
_%)\ij (akaij) - Aijkpijk - Aijpij:| . (35)

Performing in (35) the integration over {z* Tk piik pii A, A;;} and making the

notations
1 - _ 1

W)\ijk = _Aijkm ﬁ/\zj = _BijO (36)
then (35) can be written as
1 .
S/// — /de [_2._5‘FwijquFuqu Tl (GOAUM + 8 Ajkl]g) X
x (0 ATK + 9l ATMIO) — 3m? (9y Biji — 0 Bjip) (0°BY* — 0l B/M)
2
m — —_ .
_2'—3!Aijk0Awk0 + m? (aOBi]k 9iiBjro ) AR
m2 N m2
_ﬁAijklAwkl - injkla[ZBJkl] - 2—3 B B | (37)
or, equivalently, as
S”I _ dD o 1 F. Fijk‘lq o 1 F N F_vOijk:l
= T _2 51 ijklqg 2.4l 0ijkl
’TTL2 E.. Fijk:l F FO'LJk A Aijkl
_m igkl 2. 3‘ Oijk - 2 41 15kl
2
m _ .. s ..
—2_—3!A¢jkoA” 4 gFOijkAOU f+ ZAijk:lF CA (38)
where
FOijkl = OoAijm + 8[1‘Ajkl]07 (39)
1
Fiju = —0uBjn, Foijr = 3 (aOBijk - a[iBjk]O) . (40)



The functional (38) associated with the reducible first-class system can be written in
a manifestly Lorentz covariant form

B A 1 - _
S/C/J/U [B/Wm Ap,]/p)\:l = /de [_ﬁFMVpAUFprAU
1

o (Fugs = mA) (P —mAee) | ()

with
A,uup)\ = (Aﬂijk; Aijkl) ) F,wp,\a = a[,u,AypAU}u (42)
B/wp = %Buvm Fuvpn = a[uBVpAb (43)

and describes precisely the (Lagrangian) Stiickelberg [19] coupling between the 3-form

B,., and 4-form A, .

4 Conclusion

In this paper we analyzed massive 4-form fields from the point of view of gauge-unfixing
method. This approach (GU) relies on separating the (independent) second-class con-
straints into two subsets, of which one is first-class and the other a set of canonical gauge
conditions. Starting from the original canonical Hamiltonian, we generated a first-class
Hamiltonian with respect to the first-class constraint subset. Finally, we built the Hamil-
tonian path integral of the GU first-class system and then eliminated the auxiliary fields
and performed some variable redefinitions such that the path integral finally takes a man-
ifestly Lorentz covariant form. It is interesting to remark that this approaches require an
appropriate extension of the phase-space in order to render a manifestly covariant path
integral. The gauge-unfixed method allowed the identification of the Lagrangian path
integral for Stiickelberg-coupled 3- and 4-forms.
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