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Abstract

Under the hypotheses of analyticity, locality, Lorentz covariance, and Poincaré
invariance of the deformations, combined with the requirement that the interaction
vertices contain at most two spatiotemporal derivatives of the fields, we investigate
the consistent selfinteractions that can be added to a collection of massless tensor
fields with the mixed symmetry (3, 1) and respectively (2,2). The computations are
done with the help of the deformation theory based on a cohomological approach, in
the context of the antifield-BRST formalism. Our result is that no selfinteractions
that deform the original gauge transformations emerge. In the case of the collection
of (2,2) tensor fields it is possible to add a sum of cosmological terms to the free
Lagrangian.

PACS number: 11.10.Ef

Introduction

Tensor fields in “exotic” representations of the Lorentz group, characterized by a mixed
Young symmetry type [1, 2, 3, 4, 5, 6, 7], held the attention lately on some important
issues, like the dual formulation of field theories of spin two or higher [8, 9, 10, 11, 12, 13,
14], the impossibility of consistent cross-interactions in the dual formulation of linearized
gravity [15], a Lagrangian first-order approach [16, 17] to some classes of massless or
partially massive mixed symmetry type tensor gauge fields, suggestively resembling to
the tetrad formalism of General Relativity, or the derivation of some exotic gravitational
interactions [18, 19]. An important matter related to mixed symmetry type tensor fields
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is the study of their consistent interactions, among themselves as well as with higher-spin
gauge theories [20, 21, 22, 23, 24, 25, 26, 27, 28]. The most efficient approach to this
problem is the cohomological one, based on the deformation of the solution to the master
equation [29].

The purpose of this paper is to investigate the consistent selfinteractions in a collection
of massless tensor gauge fields with the mixed symmetry of a two-column Young diagram
of the type (3,1), and respectively a collection of massless tensor gauge fields with the
mixed symmetry (2,2). It is worth mentioning the duality of a free massless tensor gauge
field with the mixed symmetry (3, 1) to the Pauli-Fierz theory in D = 6 dimensions and,
in this respect, some developments concerning the dual formulations of linearized gravity
from the perspective of M-theory [30, 31, 32]. Our analysis relies on the deformation of
the solution to the master equation by means of cohomological techniques with the help of
the local BRST cohomology, whose component in a single (3, 1) sector has been reported
in detail in [33], while in a single (2,2) sector has been considered in [34, 35]. Under
the hypotheses of analyticity in the coupling constant, locality, Lorentz covariance, and
Poincaré invariance of the deformations, combined with the preservation of the number
of derivatives on each field, we find that no selfinteractions that deform the original gauge
transformations emerge. In the case of the collection of (2,2) tensor fields it is possible
to add a sum of cosmological terms to the free Lagrangian.

2 Brief review of the deformation procedure

There are three main types of consistent interactions that can be added to a given gauge
theory: (i) the first type deforms only the Lagrangian action, but not its gauge transfor-
mations, (ii) the second kind modifies both the action and its transformations, but not
the gauge algebra, and (i) the third, and certainly most interesting category, changes
everything, namely, the action, its gauge symmetries and the accompanying algebra.

The reformulation of the problem of consistent deformations of a given action and of
its gauge symmetries in the antifield-BRST setting is based on the observation that if a
deformation of the classical theory can be consistently constructed, then the solution S
to the master equation for the initial theory can be deformed into the solution S to the
master equation for the interacting theory

S — S=84+gS+ ¢S+ ¢S5+ g*Sy+---, (1)
(5,9)=0 — (5,5)=0. (2)

The projection of (2) for S on the various powers of the coupling constant induces the
following tower of equations:

@ (5.9)=0, ©
¢ (5.8)=0, 0
P (5,5)+ 5 (51,5) =0, Q
P (505)+(5,8) =0, ©
gt (54,S)+(Sl,53)+%(52,52):0, (7)



The first equation is satisfied by hypothesis. The second one governs the first-order
deformation of the solution to the master equation, Sy, and it expresses the fact that Sy is
a BRST co-cycle, sS; = 0, and hence it exists and is local. The remaining equations are
responsible for the higher-order deformations of the solution to the master equation. No
obstructions arise in finding solutions to them as long as no further restrictions, such as
spatiotemporal locality, are imposed. Obviously, only non-trivial first-order deformations
should be considered, since trivial ones (S; = sB) lead to trivial deformations of the
initial theory, and can be eliminated by convement redefinitions of the fields. Ignoring
the trivial deformations, it follows that S; is a non-trivial BRST-observable, S; € H° (s)
(where H° (s) denotes the cohomology space of the BRST differential in ghost number
zero). Once the deformation equations ((4)—(7), etc.) have been solved by means of
specific cohomological techniques, from the consistent non-trivial deformed solution to
the master equation one can extract all the information on the gauge structure of the
resulting interacting theory.

3 Selfinteractions for a collection of massless tensor
fields with the mixed symmetry (3,1)

3.1 Free model: Lagrangian formulation and BRST symmetry

The starting point is given by the Lagrangian action for a collection of free, massless
tensor fields with the mixed symmetry (3,1)

SS [tqu\a} - /{% [(aptﬁ“y‘a) (8 t/\uVIOé) (8 t)\lw‘a) (86&#1/\6)}

[(8 e ) (012 o) + (aptj") (8ptfu)}
{(a t”‘”'”‘) (Oath,) + (0,5 (8%@)} } d z, (8)

in a Minkowski space-time of dimension D > 5. Everywhere in this paper we employ
the flat Minkowski metric of ‘mostly plus’ signature o* = o0, = (= ++ + +---).
The uppercase indices A, B, etc. stand for the collection indices and are assumed to
take discrete values 1, 2, ..., N. They are lowered with a symmetric, constant, and
invertible matrix, of elements k,p, and are raised with the help of the elements k4%
of its inverse. Each field tfwla is completely antisymmetric in its first three (Lorentz)
indices and satisfies the identity téw‘a] = (0. Here and in the sequel the notation [\ - - o]
signifies complete antisymmetry with respect to the (Lorentz) indices between brackets,
with the conventions that the minimum number of terms is always used and the result
1s never divided by the number of terms. The notation t . from (8) signifies the trace of

/\/WIa’ deﬁned by t = gVt Lo Lhe trace components deﬁne an antisymmetric tensor,
sy = /M' A generatlng set of gauge transformations for action (8) can be chosen of the
form

A A A A
5€7Xt)\/w\a = 36046>\,uy + 8[>\ €)a + a[/\ X ) |ox

= =30 6121/04] + 40 efw]a + O\ Xﬁuum (9)

where the gauge parameters efW are completely antisymmetric, and the gauge parameters

Xﬁwa (also bosonic) define a collection of tensor fields with the mixed symmetry (2,1). It
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can be shown [33] that the generating set (9) is off-shell reducible of order two and the
associated gauge algebra is Abelian. Consequently, the Cauchy order of this linear gauge
theory is equal to four.

The most general quantities, invariant under the gauge transformations (9), are given
by the components of the curvature tensors associated with each field from the collection

KgﬂVﬂaﬁ _ 604@[)\ ti‘wfﬂﬁ _ aﬁa[A tZVfﬂa (10)

together with their space-time derivatives. It is easy to check that they display the mixed
symmetry (4, 2).

The construction of the BRST symmetry for the free model under study debuts with
the identification of the algebra on which the BRST differential s acts. The ghost spec-

trum comprises the fermionic ghosts {77 S 9 Wla} respectively associated with the gauge

v
first-order reducibility, and the fermionic ghosts for ghosts for ghosts C' corresponding
to the maximum reducibility order (two). We ask that n/\ , and C’A are completely

antisymmetric, QA exhibit the mixed symmetry (2, 1), and G4, are symmetric. The
*Apv|a

parameters {EAW, XWIa} from (9), the bosonic ghosts for ghosts {CA G4 } due to the

Oé

antifield spectrum comprises the antifields ¢, associated with the original fields and

those corresponding to the ghosts, { e e ACY, G}, and C

Since both the gauge generators and reduc1b1hty functions for this model are field-
independent, it follows that the BRST differential s simply reduces to s = ¢ + 7, where
d represents the Koszul-Tate differential, graded by the antighost number agh (agh (9) =
—1), and 7 stands for the exterior longitudinal differential, whose degree is named pure
ghost number pgh (pgh(y) = 1). These two degrees do not interfere (agh(vy) = 0,
pgh () = 0). The overall degree that grades the BRST complex is known as the ghost
number (gh) and is defined like the difference between the pure ghost number and the
antighost number, such that gh(s) = gh(0) = gh(y) = 1. According to the standard
rules of the BRST method, the corresponding degrees of the generators from the BRST
complex are valued like

pgh (tfuula) =0, pgh (77)\#11) = pgh (gﬂ’/‘o‘) 1
( ) - pgh (Gfa) =

pgh (tzAuula> = pgh ( *A;w) ( *;wla> — pgh (C*;W) = pgh (G77*) =0,
agh (13,,.) = agh (nt,) = agh (G2,,) = agh (C21) = agh (G) =

agh ( *A“'j'a) =1, agh ( )‘W) = agh (g*“”'“) =2,
agh (C}") = agh (G}*) =

The Koszul-Tate differential is imposed to realize a homological resolution of the algebra
of smooth functions defined on the stationary surface of field equations, while the exterior
longitudinal differential is related to the gauge symmetries (see relations (9)) of action
(8) through its cohomology at pure ghost number zero computed in the cohomology of
0, which is required to be the algebra of physical observables for the free model under
consideration. The actions of 4 and v on the generators from the BRST complex, which
enforce all the above mentioned properties, are given by

,thyﬂa = 3a[>\ nuua + 48)\”#1/ o + a[A g,uzl]\a? (11)
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'YU?W = 8[/\ C,uz/]?
ygﬁ,m = 28[#0 38[# Cy]a + 8[#Gy]a,

(12)

(13)

VCA = 8,0, AGh =-39,08,  ACh= (14)
yt*AW‘a oy Vg*,wm VO = A G = A O = (), (15)
(16)

(17)

(18)

5t = Mgy = 0G nje = 0Ch, = G, = 6CH =0 16
5t2)\,uz/\oz _ Tj‘\,ul/|a7 6772)\;w — —49 t*)\,ul/|oz7 17
6g;,u,y|a _ _a)\ <3t2>\uu|a . tz;wod)\) : 18

* UL 1 * AUV *VQ *uV|x
60*#1/ - 3a>\ (g 22PN 57714)\# ) 7 (5G augAM( \ )7 (19)
5C = 60, (G*“” C*‘“’) , (20)

where TA"1* = —§S8/6t4 reads

M|
Ty = o - 9, (0 g 4 9y ) + ool

+ool (ap (aﬁtg”]”‘ﬁ - a%jﬂ”) - Dtj”) : (21)

By convention, we take 6 and ~ to act like right derivations. We note that the action of

the Koszul-Tate differential on the antifields with the antighost number equal to two and
respectively three gains a simpler expression if we perform the changes of variables

* UV * UV 1 XUV kU *U *U
Gy =G k. G =G - C g (22)

The antifields G/;" VI are still antisymmetric in their first two indices, but do not fulfill the

identity QX i = 0, and G’4*® have no definite symmetry or antisymmetry properties.
With the help of relations (17)—(20), we find that ¢ acts on the transformed antifields
through the relations

3G = —gaee, sGre = 20,60, 0y = 60,65, (23)
The same observation is valid with respect to ~ if we make the changes
guu\a g;w|a + 477ﬁm7 G/A GA - 30;400 (24)

in terms of which we can write
1
’ytfuﬂa = _Za[k gquV|a] + 8[>\ g/uAyHou Wg//;gm = Gy]ou ,YGZ/I?)& = _631/0(1)44' (25)

Again, gMa are antisymmetric in their first two indices, but do not satisfy the identity
g[wla] = 0, while G4 have no definite symmetry or antisymmetry. We have deliberately
chosen the same notations for the transformed variables (22) and (24) since they actually

form pairs that are conjugated in the antibracket
(guulw /*H1V1|0‘1) — %(Sgé/[jh 551}531,
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(G;‘i,G'*”lal) = §aeve.
The Lagrangian BRST differential admits a canonical action in a structure named
antibracket and defined by decreeing the fields/ghosts conjugated with the corresponding
antifields, s- = (-, S), where (, ) signifies the antibracket and S denotes the canonical gen-
erator of the BRST symmetry. It is a bosonic functional of ghost number zero, involving
both field/ghost and antifield spectra, that obeys the master equation (S,S5) = 0. The
master equation is equivalent with the second-order nilpotency of s, where its solution S
encodes the entire gauge structure of the associated theory. Taking into account formulas
(11)—(20) as well as the standard actions of 0 and «y in canonical form, we find that the
complete solution to the master equation for the free model under study is given by

St = S(t) [tfuu\a} + / ( Z\WM (380477)\,uu + 8[/\ nuu]a + a[)\ gy,y”a)

]- v UV
—5 A O Coy + G (206G, = 0 Cla + 0, G)
+CH 0, C — 3G9, C2) dP. (26)

3.2 Computation of basic cohomologies

In order to analyze equation (4) (that governs the first-order deformation) we make the
notation S; = [ a‘'dPr and write this equation in its local form and in dual notations,
sa® = 0,m{’. Now, we approach the last equation in a standard manner, namely, we
develop a' according to the antighost number and assume that this expansion contains a
finite number of terms, of maximum antighost number /. In order to ensure the space-
time locality of the deformations, from now on we work in the algebra of local differential
forms with coefficients that are polynomial functions in the fields, ghosts, antifields, and
their space-time derivatives (algebra of local forms). This means that we assume the
non-integrated density of the first-order deformation, a', to be a polynomial function in
all these variables (algebra of local functions).

By taking into account the splitting s = § + v of the BRST differential, the equa-
tion sa® = d,m; becomes equivalent to a tower of local equations, corresponding to the
different decreasmg values of the antighost number

IM
vay = 9,m,, (27)
st 1+ et = a0 28
ar +ar_y = Oy My, (28)
k
sat+at = o mh . T—1>k>1, (29)

k! k)
where (gn)t) are some local currents, with agh ((m)t> = k. It can be proved that we
k=0,1

can replace equation (27) at strictly positive antighost numbers with the homogeneous
equation
vah =0, I>0. (30)

The proof can be done like in the Appendix A, Corollary 1, from [33]. In conclusion,
under the assumption that I > 0, the representative of highest antighost number from
the non-integrated density of the first-order deformation can always be taken to be -

closed, such that equation sa® = 9,m{’, associated with the local form of the first-order



deformation equation, is completely equivalent to the tower of equations given by (30)
and (28)—(29).

Before proceeding to the analysis of the solutions to the first-order deformation equa-
tion, let us briefly comment on the uniqueness and triviality of such solutions. Due to the
second-order nilpotency of v (72 = 0), the solution to the top equation, (30), is clearly
unique up to y-exact contributions, a} — ab + vb;. Meanwhile, if a% reduces to vy-exact
terms only, a} = ~b;, then it can be made to vanish, a% = 0. In other words, the non-
triviality of the first-order deformation a' is translated at its highest antighost number
component into the requirement that a' € H' (), where H () denotes the cohomology
of the exterior longitudinal differential v in pure ghost number equal to I computed in the
algebra of local functions. At the same time, the general condition on the non-integrated
density of the first-order deformation to generate an element a'd”z from a non-trivial
cohomological class of H%P (s|d) (the local cohomology of the BRST differential s —
where d means the exterior space-time differential — in ghost number zero and in max-
imum form degree, computed in the algebra of local forms) shows on the one hand that
the solution to equation sa® = J,my’ is unique up to s-exact pieces plus total derivatives
and, on the other hand, that if the general solution to this equation is completely trivial,
a® = sb+ 0,n*, then it can be made to vanish, a* = 0.

We have seen that the solution to equation (30) belongs to the cohomology of the
exterior longitudinal differential computed in the algebra of local functions, such that
we need to compute H* () in order to construct the component of highest antighost
number from the first-order deformation. We will see that we also need to compute the
characteristic cohomology HP (§|d) (the local cohomology of the Koszul-Tate differential
0 in antighost number I and in maximum form degree, computed in the algebra of local
forms with the pure ghost number equal to zero).

Acting like in [33], it is easy to see that H* () is generated by the quantities

pgh  BRST generator  non — trivial objects from H* ()
. { T8, 912 { T8 I,

A A A A

t)\/w\oa’ at}\uwoﬂ ce KA;W{\&B’ aK)\

A A
77 V7an 12 :
Lo ghadt, Floa = 0+ @D

pglaf

5 0 0C,, B
cy

where II*2 is a generic notation for all the antifields. So, the most general, non-trivial
solution to the equation (30) (up to trivial, v-exact contributions) reads

ap = e (3], [KSugas]) &' (Fias ) (32)

pvos v

The notation f([¢q]) means that f depends on ¢ and its derivatives up to a finite order,
while w! denotes the elements of pure ghost number I (and antighost number zero) of a
basis in the space of polynomials in F: f‘um and C7', which is finite dimensional since these
variables anticommute. The objects a; (obviously non-trivial in H° (7)) were taken to
have a bounded number of derivatives, and therefore they are polynomials in the antifields
©*A, in the curvature tensors K f\quuélocﬁ’ as well as in their derivatives. They are nothing
but the invariant polynomials of the theory described by formulas (8)—(9) in form degree
equal to zero. At zero antighost number, the invariant polynomials are polynomials in
the curvature tensors K fuvé\a 5 and in their derivatives.
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Replacing solution (32) into equation (28) and taking into account definitions (16)—
(20), we remark that a necessary (but not sufficient) condition for the existence of (non-
trivial) solutions a%_; is that the invariant polynomials o generate (non-trivial) objects
from the characteristic cohomology HP (6|d) in antighost number I > 0, maximum form
degree, and pure ghost number equal to zero', aydPx € HP (§|d). As the free model
under study is a linear gauge theory of Cauchy order equal to four, the general results
from [36] ensure that the entire characteristic cohomology is trivial in antighost numbers
strictly greater than its Cauchy order

HP (§]d) =0, I>4. (33)

Moreover, it is possible to show that the above result remains valid also in the algebra of
invariant polynomials

H™P(5|d)y =0, I>4, (34)

where H™P (§|d) is known as the invariant characteristic cohomology. Looking at the
definitions (23) involving the transformed antifields (22), we can organize the non-trivial,
Poincaré-invariant representatives of HP (§|d) and H™P (§|d) (for I > 2) like:

agh  HP (6]d) and H™P (5|d)

I >4 —

[=14 f;‘Cj(’de , (35)
I=3 G dP

=9 :&Vag:lw\ade

where all the coefficients denoted by f define some constant, non-derivative tensors. We

remark that in (Hp (8|d)),., and (H}™P (6]d)),., there is no non-trivial element that

effectively involves the curvatures K fuv&la 5 and /or their derivatives, and the same stands
for the quantities that are more than linear in the antifields and /or depend on their deriv-
atives. In principle, one can construct from the above elements in (35) other non-trivial
invariant polynomials from HP (§|d) or H™P (§|d), that depend on the space-time co-
ordinates. For instance, it can be checked by direct computation that G';" vlo A apdP L,
with /ﬁ/a , some completely antisymmetric and constant tensors, generate non-trivial rep-
resentatives from both HP (§|d) and Hi™P (§|d). However, we will discard such candi-
dates as they would break the Poincaré invariance of the deformations. In contrast to the
groups (HP (8|d)),., and (H™P (8]d)) ., which are finite-dimensional, the cohomology
HP (5|d) at pure ghost number zero, that is related to global symmetries and ordinary
conservation laws, is infinite-dimensional since the theory is free.

The previous results on HP (6|d) and H™P (§|d) are important because they control
the obstructions to removing the antifields from the first-order deformation. Indeed, due
to (34), it follows that we can successively eliminate all the pieces with I > 4 from the non-
integrated density of the first-order deformation by adding only trivial terms (the proof
is similar to that from the Appendix C in [33]), so we can take, without loss of non-trivial
objects, the condition I < 4 in the first-order deformation. The last representative is of
the form (32), where the invariant polynomials necessarily generate non-trivial objects
from H™P (§|d) if I = 2,3, 4 and respectively from HP (8|d) if I = 1.

"'We recall that the local cohomology HP (§|d) is completely trivial at both strictly positive antighost
and pure ghost numbers (for instance, see [36], Theorem 5.4 and [37]).



3.3 Cohomological analysis of selfinteractions

Assuming I = 4, the non-integrated density of the first-order deformation becomes
a* = ay +aj + ay + ay + aj, (36)
with @y (ya% = 0) a non-trivial element from H* (), and hence of the form (see (32))
ay = auw (.7:)\#1,&, C’:‘) , (37)

and ayd”z a non-trivial object from HI™P (§]d). Since the elements of pure ghost number
equal to four from the basis in the space of polynomials in F{ e and C# are spanned by
the combinations

D
(fAuVaCB >f/\,ulzoz‘?:)\lulylal‘7:)\2;121/2(12‘7:/\3;131/3(13) ’ (38)

with F3),, given in (31), and the non-trivial representatives of the space H™" (6|d) are
generated by the antifields C** (see (35)), we obtain that the general form of the last
term from the first-order deformatlon in the case I = 4 reads

E

t *x A [ ppAVOAL VIO A2 o V202 A3 3 V3 03
ay = C (flABC'DE f)\,uyaf)\l,ululalf)\gyzugazf)\gygygag

+f2pjlgyct’lﬁ Apyacﬁc> ) (39)

where the coefficients denoted by f are some non-derivative constant tensors. The first
term from the right-hand side of (39) (those containing homogeneous polynomials of de-
gree four in the ghosts F5 Wa) even if consistent, would lead to interaction vertices (in the
corresponding a) of order five in the space-time derivatives of the fields, which disagrees
with the hypothesis on the maximum derivative order of the interacting Lagrangian to be
equal to two. For this reason, we eliminate this term from af by setting the associated
coefficient to be equal to zero

PAUVAAL 1 V101 A2 oo o A3 V3l
1ABCDE =0, (40)
such that
pAuvaf ~xA C
a4 — f2ABC C ‘F)\ul/acﬁ : (41)

The requirements that the deformations are manifestly covariant and Poincaré invariant,
the fact that we work in space-time dimensions D > 5, and the complete antisymmetry
of FP \uwa> Provide a single non-trivial candidate, namely

D =6, g’j’g”(?ﬁ = capce™™ P, (42)
with capc some real, arbitrary constants and e”**®# the six-dimensional Levi-Civita
symbol. As a consequence, we obtain

ay = capce™ P CAFY L CF. (43)

If (43) is consistent, then it will produce a Lagrangian density at order one in the coupling
constant, ajj, which breaks the PT invariance.

We will show that solution (43) is not consistent in antighost number two, meaning
that it cannot provide a solution a$ to the equation (29) for £ = 3. In view of this, we
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compute the remaining components from (36), which are subject to equations (28)—(29)
for I =4

t t (3)F t t (2"
5a4 +yag = aumt s (5CL3 + ya, = aumt ) (44)
Sab+at = A dat+nah = 15
2 TG = Oy, ay + Yyag = Oy . (45)

Replacing (43) into the former equation from (44) and using the first definition from (23),
together with the results

1
9 f)xuua =7 (gaP\ tﬁm]lp) ’ (46)
0,04 = (—EG;;‘;) ; (47)
we find that
ay = —CABCé‘p’\“”o‘ﬁG/*I47 (8 (8)\t,ul/a|7) Cg + ]:AWQG/CB) ' (48)

where G/WCB reads as in (24). In order to solve the latter equation from (44), we initially
compute da§ starting with (48) and using the second definition from (23), and then ma-
nipulate the resulting expression based on formulas (46), (47), and the second relation
from (25), obtaining in the end

daz = O, (2CABC‘€'D/\#V&BQ/*AM| (8 (akt/wah) Cg"i_f/\w/aG/vcﬂ))
+v <—CABC€’MW°‘BQ'*AM| < (aAt,wa”g) ny]ﬁ + )\uuaga'y|ﬂ>>
_2CABCgpAMVaBg,*AU’YIpK)\uyaW»yCﬁ 7 (49)
where K /j\guvozlm is precisely the curvature tensor (see (10)) and the transformed ghosts

gm 5 are defined in (24). Comparing the latter equation from (44) with (49), we observe
that af of the form (48) provides a consistent af if and only if

g

2
—2c4pce™ PG KD 10 CF = b2 + 8,5 | (50)

where by and (120) must fulfill the properties

agh (by) = 2 = agh ((wz) ) , pgh (by) = 2, pgh ((wz) ) = 3. (51)
The above requirement takes place if and only if

CABC — O, (52)

because the left-hand side of relation (50) contains only non-trivial elements of H? ()
with the antighost number equal to two, where the role of invariant polynomials is played
by

_QCABCé_p)\,uuaﬁg/*Aa'ﬂ K

Auvaloyr
which implies automatically by = 0, and, on the other hand, this expression cannot be
2 g g
written in a divergence-like form, such that we must set (w) =0. But by =0and w =0
simultaneously in (50) lead to (52), and in consequence to
ay = 0. (53)
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In conclusion, under the hypothesis that the maximum derivative order of the interacting
Lagrangian is equal to two, the first-order deformation can only stop at antighost numbers
I <3.

In the case I = 3 we have that

a® = af + aj + ay + as, (54)
with ya§ = 0, such that we can write (see (32))
ay = azw (.7:)\#1,&, le‘) ) (55)

The consistency of a' at antighost number two (the existence of a} as solution to the

2)H .
equation daj +vyab = au%%t ) requires that azd”z is a non-trivial element from Hi™P (§|d).
Because the elements with the pure ghost number equal to three of a basis in the space
of polynomials in F{! A and C?' are spanned by

N (e T N J (56)

and the general, non-trivial representatives of Hi™P (§|d) are generated by the antifields
G"*Ave (see (35) for I = 3), we infer

t kA PONUVANL (i V1 QL A2 o V22 po3
ag = GpU (flABCD FA/,LI/O[F)\lulVlalF)\zllQVQaQ + f2 CB (57)

where the coefficients denoted by f must be some non-derivative, constant tensors. The
condition that the maximum derivative order of the interacting Lagrangian is equal to
two imposes the restrictions

POANUVONL [ V1 QL A2 [lgV202
1ABCD =0, (58)

since otherwise the corresponding interacting term from af would be of order four in the
space-time derivatives of the fields, and hence we get

— fEGrCY (59)

Asking now that af is a Lorentz covariant and Poincaré invariant element defined on a
space-time of dimension D > 5 leaves us with the trivial solution

95 =0, (60)

which further implies
ay = 0. (61)

In conclusion, the first-order deformation cannot stop in a non-trivial manner also at the
value I = 3 of the antighost number.

Next, we pass to the situation where the non-integrated density of the first-order
deformation stops at antighost number two

a' = ap +aj + ay, (62)
where ya} = 0, and hence, in agreement with (32), we have that
ab = apw (fwm) . (63)
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(The ghosts C# no longer appear in w? since their pure ghost number is equal to three,

while pgh (w?) = 2). We recall that a necessary condition for the existence of (63) in

1M
antighost number one (the existence of a! as solution to the equation dal + va$ = (‘L%t )

is that apdPx belongs to Hi™P (§|d). The elements of pure ghost number equal to two of
a basis in the space of polynomials in F: AAWQ are spanned by

5 (FowaF L o) (64)

and the general, non-trivial representatives of Hi™? (§|d) are built from the antifields
GAmle (see (35) for I = 2), such that

t pU,B/\MV()é)\1H1V1(11gl*A fB f‘C 65

Ay = flABC’ po|BY AuvaY Apqviar? ( )

where the coefficients denoted by f must be some non-derivative, constant tensors. The
derivative order hypothesis af, requires

fpe ™ =0, (66)

since otherwise, if consistent, component (65) would lead to an af with three space-time
derivatives acting on the fields. Condition (66) further implies

ay, =0, (67)

and hence we can take I < 1 in the first-order deformation. The result (67) emphasizes
that the original, Abelian gauge algebra is rigid with respect to the deformation procedure
(since the existence of non-trivial terms in a$ that are simultaneously linear in the antifields
with the antighost number equal to two and quadratic in combinations of ghosts with the
pure ghost number equal to one is not allowed in the first-order deformation), such that the
resulting selfinteractions among the fields with the mixed symmetry (3, 1) might modify
at most the original gauge transformations or the free Lagrangian.
For I =1 the first-order deformation becomes

a® = ag +al, (68)

where the last component (ya} = 0) takes the generic form (see (32))

*Apv|a A A
a/i = (7 <|:tA ’ ‘ :| 5 |:K>\;,LV£|O£5:|> (JJl (F/\,ul/oz) . (69)
The invariant polynomial oy is linear in the antifields ¢ YI* and their derivatives (up to

a finite order) since these are the only objects of antighost number equal to one from the
BRST algebra, while
W' (Flua) - (70)

pro

We mentioned in the above (see the end of Section 3.2) that a necessary condition for
the consistency of a® is that a;d”z is a non-trivial element of HP (§|d), which is infinite-
dimensional. The impossible mission of computing H (6|d) can be avoided if we demand
from the start the hypothesis on af) to be of maximum derivative order equal to two. This
assumption is particularly useful at this stage since it forbids the invariant polynomial a;
to depend on the curvature tensors K fuué\aﬁ or their space-time derivatives. Indeed, as-
suming that o effectively depends on the curvature tensors, it follows that the component

12



from (69) with the minimum number of derivatives will be linear in the undifferentiated
antifields t*)‘“ Y1 in the undifferentiated curvature tensors, as well as in the elements (70),
so it already contains three space-time derivatives. If consistent, it would produce an af, of
order four in the space-time derivatives of the fields. Therefore, we forbid the dependence
on the curvature tensors and remain with

al - allli <|:t*B>\/W‘O{|) F)\uua (71)
Moreover, the invariant polynomial X" is further restricted not to depend on the deriv-
atives of t5 Mrle - This is because one can always move the derivatives (by making an

mtegratlon by parts) such as to act on fj‘um, which provides purely trivial (y-exact)
contributions to a! (see (46)), which can be eliminated from the first-order deformation.

The previous discussion allows us to state that the only eligible candidate to af is
defined in D = 6 and reads

CLE = ag(Dze) = CABO'aﬁg/\MVXMIV >\MV|0<F W' B (72)
Let us investigate the solutions in antighost number zero
0
5P 4 7af P = 9,m, . (73)
In order to evaluate 5ai(D:6), we use the identity
/ w* @ 3, . Wt @f
€>\M X'y aBTA;LV\aTA'u g — €>\M A aBT)\pB\aTV)\’;L v (74)

4
m*
(that takes place for any tensor 7', ,,, completely antisymmetric in its first three indices

)"
and for any completely antisymmetric tensor T'y,,,5) together with the first definition

from (17). After some computation, we obtain that

D:6 ’ /V// (0%
(5at1( ) — ’7[7(4 D) AN ptA a/\’ <0 a tul/pw 0t MVP| )]

+0p5” = 2 (4= D) VI T Oy ( P 1 — O ) (75)
where
A — A A
7—)\;11/\01 = 48[)\ nyy]a + a[/\ g,uu]\a? ,Zj\,uu|a = 3f)xyya + /Yt)\,uz/\oz (76)

Comparing (75) with (73), we observe that the existence of a' "= requires that the last
terms from the right-hand side of (75) either vanish or reduce to a full divergence. It is
clear from (76) that they cannot reduce to a divergence, and therefore must be set equal
to zero, which further implies

CAB = O> (77)
such that
aP=% — o, (78)
Until now we showed that
ay =0, (79)

and hence the first-order deformation may contain at most terms of antighost number
zero (I = 0). The terms of antighost number one present in the solution to the master
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equation are known to control the gauge symmetries, such that (79) expresses the fact that
there are no consistent selfinteractions in a collection of tensor fields tfw‘a that deform
the original gauge transformations, given in (9).

In this manner, we are left with a sole possibility, namely that the first-order defor-
mation reduces to the deformed Lagrangian at order one in the coupling constant

= (1)) (80

and thus it is subject to the equation

m
yag = @L%)”Zt : (81)

Proceeding along a line similar to that employed in [33], it can be shown that the solution
to (81) is purely trivial
aB ([tfuﬂa]) =0 (82)

Assembling the results expressed by (53), (61), (67), (79), and (82), we can state that
Sl = O> (83)

such that we can also take
Sk =0, k> 1. (84)

Relations (83)—-(84) emphasize the following main result of our paper: under the
hypotheses of analyticity of deformations in the coupling constant, space-time locality,
Lorentz covariance, Poincaré invariance, and conservation of the number of derivatives
on each field, there are no consistent selfinteractions in D > 5 for a collection of massless
tensor fields with the mized symmetry (3,1). In other words, the presence of the collection
brings nothing new if compared to the case of a single tensor field ¢, |q.

4 Selfinteractions for a collection of massless tensor
fields with the mixed symmetry (2,2)

4.1 Free model: Lagrangian formulation and BRST symmetry

The starting point is given by the Lagrangian action for a finite collection of free, massless
tensor fields with the mixed symmetry of the Riemann tensor in D > 5

T a 1 41e% a 1 14[e% a
Slrtas) = [ (5O Ourtes) =3 ™) (015100
1
— (8M7‘g“’|a5) (0p75,) — 5 (8’\7"55) (8,\7‘55) + (8,,7"55) (8AT§5)
—% (8,,7“(';'8) (Opr®) + % (0’\7"a) (8%“)) dPz. (85)

Like in the previous section, we employ the flat Minkowski metric of ‘mostly plus’ signature
o =o0,, = (—++++---). The lowercase indices a, b, etc. stand for the collection
indices and are assumed to take discrete values 1, 2, ..., n. They are lowered with a
symmetric, constant and invertible matrix, of elements k,;, and are raised with the help
of the elements k% of its inverse. Each tensor field TiwlaB exhibits the mixed symmetry
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of the Riemann tensor, so it is separately antisymmetric in the pairs {u, v} and {«, 5},
is symmetric under their permutation ({y,v} «— {«,}), and satisfies the identity
Thwlagp = 0- The notations ry; signify the traces of Tiwlag> Tvg = 0" T ap which are
symmetric, rj; = 13,, while 7* represent their double traces , r* = UV’BTVB, which are

scalars. Action (85) admits a generating set of gauge transformations of the form

O las = Ouaply = Ov€aplu T 0alils = 05€ s (86)

where the gauge parameters ¢, , are bosonic tensors, with the mixed symmetry (2,1).
Just like in the case of a smgle (2,2) field [34], the gauge transformations from (86) are
Abelian and off-shell, first-order reducible. Consequently, the Cauchy order of this linear
gauge theory is equal to three.

Related to the generators of the BRST algebra, the ghost spectrum contains the
fermionic ghosts Cim ., associated with the gauge parameters and the bosonic ghosts for
ghosts Cj, corresponding to the first-order reducibility. Obviously, we will require that
Cs 5|y Preserve the mixed symmetry (2, 1) and the tensors Cj, remain antisymmetric. The
*pvlof

a

antifield spectrum comprises the antifields r, associated with the original fields and
those corresponding to the ghosts, Ca*® and C. The antifields r;"*'*” still have the
mixed symmetry (2,2), C" Y1 the mixed symmetry (2,1), and C*¥ are antisymmetric.

suvled and ¢ =
a

Related to the traces of ri , we will use the notations 7% = o ,,ra
o ,,57‘2”5 .
The BRST differential decomposes like in the previous section, as s = § + 7, the

corresponding degrees of the generators from the BRST complex being valued like

pgh ( uy\aﬁ) 07 pgh (C/u/|a) - 17 pgh (Cfu/) = 27
pgh (r1°%) = pgh (C;#1*) = pgh (C;*) =0,
agh (rjas) = agh (Clja) = agh (Cj,) =0,
agh (ri1°%) =1, agh (C**) =2, agh(C*) =3

The actions of § and v on the generators from the BRST complex, which enforce the
standard BRST properties, are given by

Vruvlas = IuCapiy = 0Caplu + 0aClip — 95C 0 10 (87)
1Cote = 20aCl, — 0,,Cliey Chy =0 (88)

et =0, ACH =0, 4C =0, (89)
0t es =0, 0CL,, =0,  4CL =0, (90)

orIed — —Rg”‘“ﬁ LOC P = —40,ri1oP SCI = 30aCp 1. (91)

In the above R:* is defined by 63t /6r4"1*? = — (1/4) R o and reads as

857“

Drwlaﬁ +0° (8 7achIVP 0 7"cvﬁlu,o + 0 TMVWP Wlap)

+0,0a13, — 0,0s7%, — 0,041, + 0,0p7%,,

a pu—
wvlap

1
—§8A8p (U,ua (TKB‘WJ + TKVW,O) —Oug (riodup + riy\ap)

“Ova (Tiﬁ\up + riu\ﬁp) +ous (Tiozlup + Tiulap))
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—U (OWTEV — OuBTay = Oval gy + 0,,57“3#)
+0° (JW (857"3/) + 8V7"gp) —0ou8 (8arﬁp + 8,,7“gp)
—Oya (aﬂrzp + aurgp) + 0.3 (aarzp + aﬂrgp))

1
—3 (04a080y — 0,3000, — 01,0030, + 0,30,0,) "

1
—(Cpa0up — 0u300a) (3>‘8prf\p - §Dr“) : (92)

The solution to the classical master equation for the free model under study is given by

uvlaf aflp w|B %

ST o= Sy s + / (ra18 (0,C551, — 0,C251 + 0aClvis — 05Clyia)
+C (20,08, — 0,Cl,) ) dP . (93)

4.2 Computation of basic cohomologies

In order to analyze the local equation satisfied by the non-integrated density of the first-
order deformation a* (S; = [ a*dPx), written in local form and dual language, sa* =
d,mk, we proceed like in the previous section. We ensure the space-time locality of the
deformations by working in the algebra of local differential forms with coefficients that
are polynomial functions in the fields, ghosts, antifields, and their space-time derivatives
(algebra of local forms). This means that we assume the non-integrated density of the
first-order deformation, a", to be a polynomial function in all these variables (algebra
of local functions). Next, we develop a" according to the antighost number and assume
that this expansion contains a finite number of terms, with the maximum value of the
antighost number equal to I. Due to the decomposition s = § + v, this equation becomes
equivalent to the chain

Nk
v = 8. (94)
. . (I-1)#
oap +yay ., = Oy m’y, (95)
(k=)
da, +vap_; = O, m',, I-1>k>1, (96)

k)H k)H
where ((m) ) are some local currents, with agh (gn)r) = k. Equation (94) can be
k=0,1

T

replaced in strictly positive values of the antighost number (see [35], Corollary 3.1) with
~ya; =0, I>0. (97)

In conclusion, for I > 0 we have that % € H' (7). We maintain the considerations from
the previous section on the uniqueness of a} and a'.

Thus, in order to solve equations (97) and (95)—(96), it is necessary to compute the
cohomology H* () in the algebra of local functions. Definitions (89) and (87) indicate
that all the antifields

X*A — (T*,uy\aﬂ C*;Ll/|a C*,uu) (98)
a rYa rYa )
the curvature tensors
F/?V)\|Clﬁ’y = a)\gﬂfrfw\aﬁ + 8M87TICJLA\QB + a’/aVrima,B
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+a/\aar2y|6'y + aﬂa&rz)\mw + 8”80‘TKM|5’Y

_,_8)\@5741 + 8u8ﬁ7ﬂg)\|,ya + al,ﬁgrimm, (99)

e

and all their space-time derivatives are non-trivial elements of H®(y). The curvature
tensors exhibit the mixed symmetry (3,3). Simple computation shows that H! (y) = 0
and, moreover,

H* ™ (y)=0, 1>0. (100)

By means of the last definition from (88), we find that the ghosts for ghosts, Cj,,, are non-
trivial objects from H* (). Consequently, their space-time derivatives are also y-closed.

From the first relation present in (88) it follows that

a j— 1 a
a(ucy)a =7 (_gca(uy)> : (101)

Formula (101) emphasizes that the quantities 9, C?,, are trivial in H* (). Moreover, the
objects Jj, C‘;a] are not y-exact, and Jj, ij]a (for u, v # a) belong to the same equivalence
class from H*(v) like 0|, val> such that they will also be non-trivial representatives of
H* (). Meanwhile direct calculations produce the relations

a 1 a a a
aoﬁgcw = E’)/ (3 (aacwm + agCW‘a) + (9[”0,4 (a\ﬁ)) s (102)

which show that all the space-time derivatives of the ghosts Cj, of order two or higher
are trivial in H* (). In conclusion, the only non-trivial combinations from H* (y) built
from the ghosts for ghosts are polynomials in Cj;, and 9|,C;,,;. Since H 0 () is non-trivial,
so far we proved that only the cohomological spaces H? (), with [ > 0, are non-trivial.
Therefore, equation (97) possesses non-trivial solutions only for even values of I, [ = 2.J,

where the general form of a; is given by

6= ahy = s (03] [Pl & (C0uCh). 750, (103
Notation y*2 follows from (98). The coefficients a;([x*2], [F falap)) are nothing but the

invariant polynomials (in form degree zero) of the theory (85)—(86).

Substituting solution (103) in equation (95) for I = 2.J and taking into consideration
definitions (87)—(88), we obtain that a necessary condition for the existence of non-trivial
solutions af; ; is that the invariant polynomials aw; present in (103) generate non-trivial
elements from the characteristic cohomology in antighost number 2J > 0 computed in
the algebra of local forms, ay;d”z € HP, (6|d). As the free model under consideration
is a linear gauge theory of Cauchy order equal to three, the general results from the
literature [36] establish that

HP (5|d) = 0, k> 3. (104)

In addition, it can be shown that if the invariant polynomial «y, with agh (o) = k > 3,
defines a trivial element aj,d”z € HP (§|d), then this element can be taken to be trivial
also in H™P (§|d). The above results ensure that

HM™P (5|d) =0, k>3 (105)

Using definitions (91), we find that the non-trivial, Poincaré-invariant representatives

of (HP (8|d)),., and (HP (8|d)),., are lincarly generated by the following invariant

k>2 k>2
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polynomials: for & > 3 — there are none; for £k = 3 — ;jVC;’“‘”de; for k = 2 —
< oCa" “I*qDg. In the above the coefficients denoted by f stand for the components of
some constant, non-derivative tensors.

The previous results on HP (§|d) and H™P (§]d) allow us to eliminate successively all
the terms of antighost number strictly greater than two from the non-integrated density
of the first-order deformation. The last representative is of the form (103), where the
invariant polynomials necessarily define non-trivial elements from H™P (§|d) if I = 2 or

respectively from HP (6]d) if I = 1.

4.3 Cohomological analysis of selfinteractions

In order to develop the general method of construction of consistent selfinteractions that
can be added to the free action (85), subject to the gauge symmetry (86), we initially
solve equation (4), responsible for the first-order deformation, and then approach its
consistency. We will work under the same hypotheses as before. The derivative order
assumption restricts the interaction Lagrangian to contain only interaction vertices with
maximum two space-time derivatives. Related to the non-integrated density of the first-
order deformation, we have seen in the previous section that its component of highest
antighost number, I, is constrained to satisfy the relation I = 2.J (see the result expressed
by (100) on H*(7y)). On the other hand, results (104) and (105) ensure that one can safely
take I < 2.
In view of this, the first non-trivial situation is described by I = 2J = 2 > 0, in which
case we can write
a" = ay + aj + as, (106)

where af is the general, non-trivial solution to equation (97), and hence, in agreement
with formula (103), has the expression

= 0 (2] [Floniosn]) @ (Gl ) (107)

The elements e? are spanned by C;, and 0y, C‘;a}, and adPx is a non-trivial element from

HI™P (§|d). Due to the fact that the general representative of HiVP (§|d) is linear in the
undifferentiated antifields C:,‘jla, we deduce that

o a

r *qQ Vo, FUVOBYA
@ = Gty (Sl°7Ch, + Tl PP 0C ) (108)

where f%*" and f**" are some non-derivative, constant tensors. These constants can-
not be simultaneously antisymmetric in the indices {4, v, a} since the identity C;*"* = 0
would lead to a5 = 0. The last restriction (combined with the requirement D > 5)

produces B
fiy = 0= fi, (109)

and hence
as = 0, (110)

so the first-order deformation cannot end non-trivially at antighost number two.
Due to the fact that the last representative aj from the first-order deformation is
subject to the condition I = 2.J, we are left only with the case I =0

o = i (i) (111)
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where af, satisfies equation (94) (I = 0, so equation (94) is no longer equivalent to (97))

m
yag = 3,}%. (112)

Using a technique similar to that employed in [34], we find that the general solution to
the last equation reduces to a linear combination of double traces of the undifferentiated
tensor fields Tilag (the analogue of the cosmological term for the Pauli-Fierz Lagrangian)

ag = Z Ca”, (113)
a=1

with ¢, some real, arbitrary constants, such that

S1 = Z/Car“de (114)
a=1

represents the most general expression of the first-order deformation of the solution to
the master equation for a collection of massless tensor fields with the mixed symmetry
(2,2). Moreover, this solution is already consistent to all orders in the coupling constant.
Indeed, since (S1,.51) = 0, equation (5) is satisfied with the choice

Sy =0, (115)
and similarly, all the higher-order equations are fulfilled for
S3=9,=...=0. (116)

Relations (114)—(116) emphasize the following main result of our paper: under the
hypotheses of analyticity of deformations in the coupling constant, space-time locality,
Lorentz covariance, Poincaré invariance, and conservation of the number of derivatives
on each field, there are no consistent selfinteractions in D > 5 for a collection of massless
tensor fields with the mized symmetry of the Riemann tensor. The only terms that can
be added to the free Lagrangian action are given by a sum of cosmological terms, whose
existence does not modify the original gauge transformations.
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