GENERALIZING THE MINKOWSKIAN SPACE-TIME (1)

Trandafir T. BALAN

We organize the set of events, which possibly happen in a scalar product space, a normed
Space or in a metric space in a way similar to the Minkowskian space-time. Then we
generalize the forthcoming structures to worlds of events endowed with super-additive
norms and metrics.

A.SPACE-TIME MATHEMATICAL BACKGROUND

It iswell known that the special relativity deals with events which happenin
R, R?, or R*. By “event” we understand acouple e = (t, X), where t represents

the moment when, and X = (X;, Xz, X3) represents the place where something
happens, most frequently emission or reception of light. Consequently, the set
M = RxRR® of al possible events constitutes the fundamental framework of the
theory of relativity.

The structure of M is properly introduced by the indefinite inner product i.e.
(.,):MxM >R, expressed by

(L) =Ctith—XX—Y1Yo—22,

where g = (t; X, Vi, z), 1 =1, 2, and c is the light's speed in vacuum. The
couple (M, (., .)) isthe Minkowskian space-time of the special relativity.

Developing the theory, it is often apparent that this feature of M of being a
very particular space is inconvenient in the study of the events specific
properties because of the geometric (even Euclidean) and algebraic extra
properties. Thisis the reason for considering some generalizations of M. Such
an immediate generalization is based on the remark that in the inner product of
M there concur the usual product of R and the Euclidean scalar product of R?,

<X1,22> =X1 XtV Vot+2h 25, e
(e, &) =Ctit,— <71,72>-
Replacing R® by an arbitrary real scalar product space and taking into

account that the constant c is dependent on the units used for space and time,
we are led to the following notion:
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1. Definition. Let (H, (.,.)) be areal scaar product space and E = RxH.

For any e, f eE of theforme=(t, x) and f = (s, y), we note
(1) (ef)=ts—(xy)
and we say that (E, (., .)) isthe world of events in the scalar product space

H, or briefly, it isa scalar event world.
2. Remark. The functiona ( ., .) : E x E — R from above is an indefinite

inner product on E, that explains why the scalar event worlds are usualy
treated as Pontrjagin IT; spaces (see [1]). The term “world” has been used by
physicists to denote the space-time from the very beginning of the relativity.
We will adopt this terminology in order to underline the necessity of new
specific structures when we deal with sets of events instead of material points.

From a mathematical point of view, the fact that dim M<4 is not significant
for the structure of the considered world. Consequently, we will present the
events fundamental properties directly in a scalar event world. Primarily we
recall the principal notions that derive from the inner product of E.

3. Terminology and notation. Let (E, (., .)) be ascalar event world and let
e=(t,x), f=(s,y), etc. be events (elements of E).

d ThesetK={(e f)eE*:s—t>|x-y| ore=f} iscaled causal relation,
briefly causality.

b) The functiona |-|,: K[0] - R ., expressed by |¢|, =/(e,), is called

temporal norm.
c) The functiond c: K—>R ., defined by o (e, f) = |[f ¢, is called

temporal metric.
d) If (e f)=0wesaythat eandf areorthogonal, and wenotee L f.
e) If e f eK[O] \ {0}, then the hyperbolical angle between eand fis
Z(e, f) ={(,f): 31 ueR, suchthate’=Aeandf’'= uf}.
The set of al hyperbolical anglesis denoted by ), and the functionm:$H >R,
expressed by
m(£(e,f))=acch((ef)/|g,]|f],]

is called measure of the hyperbolical angles.

4. Physical meaning. In the particular case of the Minkowskian space-time
al the notions from above (and the list continues) have concrete significance
(see any book on relativity, for example [4]). Thus (e, f ) e K expresses the fact
that the events e and f belong to some particle' s life. The temporal norm, and
respectively the temporal metric, measure the proper time of a free particle
between two events. If o KJ[0] \ {0}, its support line represents an inertial
observer that passes through the origin of the space at the moment zero.



The condition ® L (e—f), when ® €K][0] \ {0}, means that the events e and f
are simultaneous for the observer generated by ®. The number m(Z(e, ))
shows how great is the relative velocity of the inertial observers generated by
eandf, and so on.

We mention that most part of the above notions are usually accompanied by
their duals: spatial relation, signal relation, spacial norm, spatial metric, spatia
orthogonality, circular angles, etc., which may be similarly treated.

In the sequel, we anayze some of the most remarkable mathematical
properties involving the considered notions.

5. PROPOSITION. K isa linear order on the scalar event world E.

Proof. It is sufficient to show that the set of all positive elements, that is

P = K[0] ={(t,X) eE:t> x|} L{0}

isashapcone iee PN (—P)={0}, AP cPforadl A>0andP +P cP.
The first and the second conditions are obvious. In order to prove the third
condition, let us consider e = (t, x), f = (s, y)eP. Fromt > |x| and s> |y| we

deducet + s> |x| + |y| >|x+ y|. The other cases aretrivia, hencee + f eP.
It remainsto seethat (e, f)eKif andonly if f—e eP. >

6. LEMMA. For each e, f e P = K[(], the Aczdl’ sinequality holds, i.e.
(e f) = [el | f;
with equality ifand only ife=0,f=0,orf=Aefor some 1 eR . .

Proof. Let usnotee=(t,x),f=(s,y),and T(1) = (e+ A f, e+ Af), where A
isarbitrary in R. The trinomial T must have rea roots because T(0) = (e, €)>0
and T(Ao) = — [x+ Aqy|” < O, where 4o =—t/ sfor s> 0 (if s= O then f = 0,
and the result is obvious). Consequently, A=(e, f)* — (e, &)(f, f )>0. It remains
to remark that (e, f) > O becauset > x| and s> |y| imply ts>[x| |y| = (x,y)
(Cauchy — Bunjakowski — Schwartz inequality in H).

The equdity (e, ) = |¢], | f||, means 4 = 0, hence T(4)> O for dl AeR.
Since T(1) <0, it followsthat x + Aoy = 0.

The cases that remain aretrivial. &

7. PROPOSI TION. The temporal norm has the following properties:
i) [e], =0ifand onlyife=0

i) ||2e], =4 |g|, forall 2 eR. ande P
i) e+ f|, > [¢, +|f], forallefeP.



Proof. The first property is a consequence of the fact that |-|, is restricted

to P. A direct calculus givesii). In order to proveiii), we primarily remark that
e+ f eP (asin the proof of Proposition 5). By adding the expression
2 2
(e &)+ (ff)=d +[f[;
to the Aczél’ sinequality multiplied by 2, we obtain
(e+f e+f) > (Je, +|f[,)°

As a completion we mention that the equality in iii) holds if and only if e
and f are collinear. >

8. LEMMA. If |, =|f],.then(e,f) € 5 UC(K UK™).
Proof. Supposing e = (t, X), f = (s, y¥), and t > s > 0, we can write the
hypothesisin the form t* —* = ||x||2 — ||y||2 i.e
(t=9)(t+9) = (x| = |y (X + v

From e, f P, which, as arule, is understood from the moment when we
spesk of |g, and |f| ,itfollowsthatt+s> x| +|y], hence

t=s<|x —|y| < [x-y].
The other cases aretrivial. &

9. Remark. The properties involving orthogonality, hyperbolical angles, etc.
may not be subject to further generdizations because of ther direct
dependence upon the inner product. Consequently, the following properties
are mentioned without proof.

When the orthogonality is interpreted as ssimultaneity in the Minkowskian
space-time, the Lorentz transformations play an important role. Repeating the
reason in the case of a scalar event world, we see that the Lorentz
transformations keep up the well-known vectoria form

X’ =x=(x VM v =@M e A2 (V)M v

=@M A~ (xve ),
where the speed v=dx/dtis understood in the sense of the usual topology
of (H, (.,.)). If weidentify thelineQ ={ A (1, V) : 1 €R} with an observer,
then the condition e L Q isequal tot’ = 0, i.e. QT isthe set of all events
simultaneous (with 0) relative to this observer. In addition, we have:
10. PROPOSITION. If @ e P\ {0}, then w® = [6 UC(K UK 1] [O].



11. Remark. It is easy to see that the notions of orthogonality and hyperbolic
angle are independent, i.e. e L f is not characterized by some hyperbolica
angle between e and f any more. The restrictions imposed to the notion of
angle are justified by the possibilities of measurement. More precisely, the
definition of m( (e, f)) isbased on the Aczdl’ sinequality.

The hyperbolical angles appear as equivalence classes in the set (P \ {0})%
Because m( (g, f)) does not depend on representatives, we may take vectors
of the same temporal norm, and so we are led to measure hyperbolical angles
by arcs of a hyperbola. As usually, the hyperbola of radius r > 0 in the plane
Lin{e f}istheset H(r; e, f)={ g=2e+ uf:|g| =r}. According to
Lemma 8, we measure the length of an arc of H(r ; e, f) by the spatial metric.
Organizing the subspace Lin {e, f} like the Minkowskian plane, we obtain:

12. PROPOSITION. If e, f,g e P\ {0}, then

a m(Z(e f)) =L/r,wherelL isthelength of the arc from the hyperbola
H(r; e f) determined by the semi-straights{1e: 1 eR.,} and{uf: ueR.,}.

b) m(Z(e, f)) + m(£(f,g)) = m(L(e,g)) whenever £(g, f) and £(f,Q)
areadjacent, i.e.f= e+ g gfor some «, g >0.

B. EVENTSIN NORMED AND METRIC SPACES

In this part of the paper we will show that instead of the scalar product
space (H, (.,.)) we may consider a real normed space (X, |-||), or a metric
space (S, d), without losing the principal properties of a scalar event world.
The proofs, which essentially remain the same, will be omitted.

1. Definition. Let (X, |-|) be areal normed space. We say that E = RxX is
the world of all events that happen in the normed space X, or briefly, a
normed event world. The events, i.e. the elements of E, will be noted e = (t, x),
f=1(s y), ec, wheret, s eR and x, y €X localize the events in time,
respectively in space.

The relation between events

K={((t.X), (s y))eExE:s—t>|x-y|} U3
is called causal relation, or causality.

The functiond |-[, : K[0] >R, expressed by

2 e, =t =
Is called temporal norm.



2. PROPOSITION. K isalinear order on E.

The proof formally repeats that of the Proposition A5.

3. PROPOSITION. The temporal norm has the same properties as in the
case of scalar event spaces (Proposition A7).

Proof. The properties i) and ii) are immediate. In order to prove the super-

additivity, i.e. |e+ f||t > Ht + ||f||t we start from the following obvious
inequality:
2 2
v+ X" = 2ts x| y] -
By adding here st + |x|° |y|°, we obtain
(= [4%) (&= [yI*) < es— ¥ M)

Sincee=(t, x), f = (s, y) €K[0] \ {0}, al the parentheses from above are
positive, hence we may write

lel [l =< ts=Ix[¥1.

[lel, +1[,1% < €+ 9% = (x+v)".
The super-additivity of |-|. follows from the sub-additivity of the usual
norm |-|. S

and farther

4. Remark. If | -| has the property
=yl =14+l < y=2x,
then |-, hasasimilar property, namely
le+ f], = e, +[fl, < f=2e.
In fact, considering ||, + | f|, = |e+ f|,, fromthe above relations
[lel, + (1% < @+ 9° = (Ix|+[y))* =
< (t+ 92— |x+y[= e+ f[7,
weobtain |x+y| = |x| + ||, hencey =2 x for some A >0. A direct calculus
reduces the hypothesis to the equality
2 2
y]" +s" X" = 2ts X[y .

which givess= A t. Consequently, f= 1 e.
Because there exist norms for which ||x+ y| = ||| + |y| is possible without

y = A X, eg. the “sup” norms, it follows that the normed event worlds are
essential generalizations of the scalar event worlds.



5. PROPOSITION. If [, = | f], . then (e f) € 8 UC(K UK™).

6. Remark. If g = (u, 2 € 8 UC(K UK ™) [0], then we have u® —|7|* < 0,
hence we may speak of a spatial norm of g, denoted

lalls=+l4" ~u?.

According to the above property, this is the case of g = e — f, which
tacitly appearsin the next result.

7. THEOREM. A necessary and sufficient condition for a normed event
world E =RxX to be a scalar event world is that for any e, f € K[0] for which

Ht = ||f||t =r, to have
(*) le+ 2 — Je— f|2 =4r2
Proof. It is easy to see that (*) holds in every scalar event world, whenever

e, = [ f],=r. Conversely,if x,y eX andr >0, we writet = (¥+ r2) 2’2

ands=(|y|* +r?)*'?, such that for the events e = (t, X) and f = (s, y) we have

e, = |f|l,= r- According to the Proposition B5, |e— f|, makes sense. If we
introduce these elementsin (*), then we obtain

2 2 _ 2 2

P+ ™+ [x=y" = 20" + V),
so it remains to apply the theorem that characterizes the scalar product
spaces between the normed spaces (e.g. see[2]). &

8. Remark. Since for each pair of points X, y eX and e = (t, X) €P there
existsan event f = (s, y) # esuch that (e, f) €K, we may formulate a variant
of the above theorem in terms of temporal norms exclusively. In this case,
instead of (*), the following condition appears:

2 2 2 2
e+ flg = If —ely =2(el; +[f]5)-
In order to distinguish the normed event worlds between other worlds,

the following so-called “imminence after common causes’ property will
be later useful: For every e, f <E for which |g|, = [f|,=r >0, and every

r’ e (0, 1), there exists ge P such that (g, €), (g, f) eK, and lal, >r!. Herewe

recognize in g a common cause of e and f , which, in the tempora norm,
happen arbitrarily late, but beforeeand f .

9. PROPOSITION. The normed event worlds do not have the property of
Imminence after common causes.



Proof. We will show that for e = (t, X) and f = (t, — X), where x = 0, there
exists r' e (0, r), wherer =|el, =], suchthat |g|, < r’ whenever ge P and

(9,6, (9, f) eK. Infact, if we expressg = (s, y), then fromt—s> |y — x| and
t—s>||y+x||,W8deducethats<t—||x||.Theaskedconstantisr’ =t—|x|,
because 0 <|ly| <s<r', |g|, <r’, and

r:(,[2_”)(”2)1/2:[r/(r/ +2||X||)]1/2> r/. <>

We may generdize the class of normed event worlds by renouncing
linearity, as follows:

10. Definition. Let (S, d) be a metric space. We interpret the set E=RxS as
the world of all events which happenin S and we call it metric event world.

The set

K={((t,X), (s,y))eExXE:s—t>d(x,y)} U

Iscalled causal relation on E, or briefly causality.

Thefunctional 6 : K> R ., expressed by

(3) 5 (e 1)=(s-1)2-d2(xy),
wheree = (t, X) and f = (s, y), is called temporal metric on E.

11. PROPOSITION. The causality is an order relation on every metric
event world.
12. PROPOSI TION. The temporal metrics have the properties:
1) o(e,f)=0ifandonlyife=f
i) o(e,f)+o(f,g)>oc(e g)whenever (g f),(f,g) eK.
Proof. i) is essentially based on the fact that o (e, f ) makes sense if and
only if (e, f)eK.
In order to proveii), let usnotee = (t, X), f = (s, y), and g = (r, 2), so that the
enounced inequality is equivaent to
2c(ef)o(f,g) <d?(xy) +d%(y,2—d?(x, 2 +2(r —9) (s—t).
This last inequality follows from
c(ef)o(f,g)<(r-9) (s—-1)—dxy)dly, 2,
which we may interpret as an Aczél type inequality, and from
—2d(x, y) d(y, 2 < d*(x, y) +d*(y, 2 —d*(x, 2,
which is an immediate consequence of the sub-additivity of the usual metric of
the space (S, d). >

We will treat other properties of the metric event worlds in the next section
for more general worlds of events.



C. SUPER-ADDITIVE NORMSAND METRICS

Because the uniform, the topological, and other such structures essentially
have a qualitative structure in comparison with the scalar product, normed and
metric ones, it is hard (perhaps impossible) to continue the generalization of
the event worlds in the same sense. For example, even if (S, 7) isatopologica
space, and E = Rx S isthe set of al events which may happen in S we cannot

combine the real numbers and the neighborhoods of zin away similar to the
formulas (1), (2) or (3), in order to obtain significant structures on E. At this
point naturally arise the question “What are the specific qualitative structures
of the event worlds?” which, according to our knowledge, is still open.

On the other hand, there are important examples of sets, which are naturally
endowed with structures similar to that of the event worlds, without having the
form RxS. So we are led to consider sets whose e ements are not events any

longer, but their structures generalize that of an event world. For the beginning
we mention some examples of this kind, which represent the objects of this
section.

1. Examples. a) If E = R, and K is the usual order on R, then the

corresponding coneis P = R,. It is easy to see that the functional

[ 1Ry > Ry,
expressed by [X = x, verifies the conditions i), ii), and iii), formulated in the
Proposition A7. Dimension arguments show that we cannot represent R as an

event world.
b) On the set D = R? we define the operations:

(a,b)+(c,d)=(a+c, b+d)for all (a, b), (c, d) €D,
A-(ab)=(1a Ab)forall A eRand(a b) €D,
(a, b) x (c,d) =(ac + bd, ad + bc) for all (a, b), (c, d) € D.

Then (D, + , -, x) represents the algebra of so-caled “double numbers’,
which, like C, is another extension of R. Using the conjugate z = (a, — b) of
the double number z = (a, b), we may define an order cone

P={zeD:zxz >0andRez> 0} v {0}.
The resulting order of ID obviously extends the usual order of R. The function
|-|.: P> R, expressed by (2|, = (zx 2) /2 "exactly is the temporal norm of

the Minkowskian plane.



Similarly, we may organize the Minkowskian space-time RxR? like a 4-

dimensiona Clifford algebra, etc. In this way we see that even the event
worlds may be introduced by pure mathematical considerations, when we
agree to overlook the physical meaning of the notions.

Relative to the example of double numbers, we mention the possibility to
present the same structure in a shape formally different from that of an event
world. Thus, B = R?, known as “bi-real numbers’ algebra when endowed with

the operations + and - likein 1), and the interna product
X y) ® (u,v) =(xu, yv) for all (x,y), (u,v) €B,
isalgebraically isomorphic with ID. The cone
Q={(x,y)eB:x>0and y>0} u {0}

corresponds to the product (strict) order of R?, and the functional | | Q-oRy,
expressed by |(x, y)| = (xy) *'?, has the same properties as the norm of D.

¢) On the set o7, (T) of al rea functions defined on the non-void set T, we
define the order by the cone

P={f e 7z (T): Je¢ >0 suchthatf (t) >¢¢ for all te T} U {0}.
The functional |-[ : P> R ., expressed by |f[= :n; f (t), verifies conditions
S

1), i1) and iii) from Proposition A7. The condition involving ¢ > O for the
positive functions, in the definition of P, sometimes is naturally assured, as for
example in the case of Cz(M), where M is compact. Then the cone

P={f eCy(M): f (t) >0 for all teM} U {0}
generates the product (strict) order on C,(M), and we have [f[ = 0if and only
if f =0, since || is restricted on P. We may similarly organize the spaces
cX(ah]), keN.

Other particular case is R", ne N*, endowed with the product strict order,
and the functional |x[=min{x :i =12,...,n}, where X = (X1, X, ..., X,). Slightly
extending R", we obtain another example, namely

E = {xeR”: card supp xe N},
with the product strict order, and the functional
] min{x :x #0,ieZ} if x=0
M= {o if x=0.
Because all these “inf-type” norms have the property of imminence after

common causes, they essentidly differ from the temporal norms on event
worlds (analyzed in Proposition B9).

10



d) Let o7 be the Boolean algebra of propositions. As usually, A< B
denotes that propositions A and B have the same truth values, and A= B
means that B is true whenever A is. It is well known that < stands for
equality, and K = {(A, B) e o7 x oo/: A= B} isapartia order on o<7. If for
(A, B) eK we note the intervals by [A, B] = {X € o7: A = X= B}, then the
functional o : K> R, , of valuesc (A, B) = card [A, B] — 1, verifies conditions
i) and ii) of Proposition B 12. The proof is routine, since card [A, B] = 2° 72,
where a and b are the numbers of “true” values of A, respectively B.

Obviously, A is neither linear space, nor event world.

2. Definition. Let W be areal linear space, and let K be a linear order on W.
We say that the functional |-[ : K[0] =R, is a super-additive (briefly s.a)
norm on W, if it satisfies the conditions:

i) | =0ifandonlyife=0
i) J1el =1 J forall 1 > 0and ecK[0]

iii) Je+ f[> Jg + ]f[ foral e, f eK[O].

If |-[ verifies only conditions ii) and iii), we say that it is a pseudo-super-
additive norm (for brevity, p.s.a. norm). We also propose the term timer to be
used instead of s.a. norm, to remember its original meaning in a Minkowskian
space-time. Consequently, the triplet (W, K, ]-[) is called timer world.

3. Definition. Let K be an order relation on the non-void set W. We say that
the functional o : K— R, isasuper-additive metric on W (restricted to K) if:
)o(ef)=0ifandonlyife=f
o (e g) >o(ef)+o(f,g) whenever (e f), (f, g) eK.

If, instead of i), o verifies only the condition
i’) e=f impliesc (e, f) =0,
then o is called pseudo-super-additive metric.

In a shorter form, we speak of an s.a. metric, respectively p.s.a. metric.
When there is some interest in keeping the physical nuance, it seems adequate
to use terms like clock, chronometer, horometric, etc. To make a choice, the
triplet (W, K, o) will be called horometric world.

4. Remarks. a) The super-additive norms and metrics must aways be
partidly defined. In fact, in the contrary case, when a s.a. metric would be
defined on the whole W ? |, by permuting e, f, g in ii), Definition C3, and
adding the forthcoming inequalities, we would obtain 1 > 2 (!).

b) If (W, K, ]-[) isatimer world, and ¢ : K— R, is defined by

c(ef)=]f —¢

then (W, K, o) isahorometric world.

11



o) If (W, K, o) isahorometric world, and for somer > 0 we define
o(ef) ifo(ef)>r
o(gf)=

0 if o(e, f)<r,
then o, isap.s.a. metric.

d) Further restrictions of the (p.)s.a. norms, respectively (p.)s.a. metrics, to
smaller orders are always practicable in order to obtain similar structures. For
example, let K and L be linear orders on the real linear space W, such that
LK. If ][ 1 K[0] >R, isatimer, then ][ o isatimer too. Similarly, we
may restrict the horometrics, etc.

Alternatively, the problem of prolongation appears to be more significant.

We will treat it in the last part of the section, after a study that generalizes the
Properties A8 and B5.

5. LEMMA (clock monotony). If (W, K, o) isa p.-horometric world, then:
a) from (e, f)eK, (f,g)eKitfollowsc (e,f) < o (e,g)and o (f,g) < 5 (e Q)
b)c (e f)=inf{o (e 0): geK[f]} =inf{c (h, f): heK '[€]}.

Proof. a) o has non-negative values and is super-additive.

b) Because in the condition (f, g) e K we may consider f = g, it follows that

c(ef)>inf{c (e Q). geK[f]}.

On the other hand, accordingto @), o (e, f) < o (e, g) for al geK[f ], hence
the contrary inequality aso holds.

We may similarly treat the second inequality. >

As a consequence, the pseudo-timers are also monotonous:

6. COROLLARY. If (W, K, ]-[) isa pseudo-timer world, then:
a) fromeeK[0] and (g, f)eK itfollowsthat Jd < |f|
b) ld =inf{]f[: (e f)eK}.

7. PROPOSITION. Let (W, K, o) be a pseudo-horometric world. Then ¢ is
a horometric if and only if it is strictly monotonous, i.e.

a) (e f)eKand(f,g)eK\dimplyc (e f) <o (e g), and
b) (e, f)eK\dand(f,g)eKimplyo (f,g) <o (e Q).

Proof. According to the above lemma, we have to show that if ¢ is a
horometric, then the equality ¢ (e, f) = o (g, g) in @) isimpossible. In fact, if
this equality were true, then from o (e, g)>o (e, f) + o (f, g) we would obtain
o (f, g) =0, hencef = g. Thisis contrary to the hypothesisf, g)e K\ é.

Similarly we discuss the case b).

Conversely, if wetake f =g inb), then from the hypothesis e = f we obtain
oc(ef)>c(f,f)=0. &

12



A similar property holds for pseudo-timers. More precisely, we always have
Jo[ =0, but property “Jef = 0 only if e = 0" holds exactly for monotonous

pseudo-timers.
8. PROPOSITION. Let (W, K, o) be a horometric world. If f = g and
c(e,f)=c(eQ),
then (f, g)e C(K UK ™).
Proof. In the contrary case we would have, for example, (f, g)e K \ 8. Using
the strict monotony of o from the above proposition, we would obtain
o(ef)<c(e ),
which contradicts the hypothesis. &
9. COROLLARY. If (W, K, |-[) is a timer world, then]d = |f[ and e = f
imply (e, f) ¢ K UK™™.
By the following properties we analyze two senses in which we may
understand the process of prolongation: the prolongation to the opposite order,

and the prolongation to wider orders.
10. PROPOSITION. If (W, K, o) is a (pseudo-) horometric world, then the

triplet (W, K™%, ¢<), where the functional ¢ : K™'> R, takesthe values
o (e f) =0 (f, €, isa (pseudo-) horometric world too.

The proof is direct. We say that ¢ and o<~ are dua each-other. Similarly, to
each (p.-) timer |-[ : K[0] > R, we may attach itsdual |-[“: K~ '[0] >R, ,
defined by |e[< = |- .

11. PROPOSITION (The complete rule of the triangle). If (W, K, o) and
(W, K~ 1, o¢) are dual horometric worlds, then c<7: K UK "' SR, |
expressed by

Lo (e,f)={6(e’f) if (e f)eK
o< (e f) if (ef)ekK™,
has the following properties:

1.0 (e f)=0ifandonlyife=f

2.0 f)=oc(f e for every (e, f)eK UK™*

3. either

c”ef)+oc”(fg<oT(eQ)),
when (e, f), (f, g)eKor (e f), (f, g)e K™, or (exclusively)
|67 (@f)-c” (9200,
when (e, g), (g,f) eKor (e g), (g, f) eK™™.

13



The proof is direct. The functional o< is the symmetric prolongation of ¢

and o<, and therefore we call it symmetric s.a. metric, horometric, etc.

Rewording the result from above, we may say that the triangle rule for the
symmetric super-additive metrics exactly is the logical negation of the
corresponding rule for usua (sub-additive) metrics. Similar considerations are
valid for timers.

To study the prolongation to wider orders, the techniques of deriving binary
relations play an important role. With this purpose, we follow the way inspired
from[3].

12. Definition. Let K be a binary relation on the set W. We say that

K =K\&é={(e,f)eK:e = f}

iIsthe strict sub-relation of K. The relation

K ={(e, f)eW?: K[e] oK[f]and K Y] cK Y]}
iscalled (relational) closure of K. Therelation

>(K) = K \K

Is called signal relation generated by K, or ssimply K-signal. We say that K is
signal cohesive if it satisfies the condition

K[e] N Z(K)[f] = & whenever (e, f) e K U(K)™t.

We say that K distinguishes the elements of Wiif for every e, f € Wfor which
K[e] = K[f] and K~ '[e] = K~ '[f] it follows that e = f.

13. LEMMA. For every binary relation K on Wwe have:

a) K isapreorder

b) K = K if and only if K is a preorder

o K =K.

Proof. a) & < K isobvious. The transitivity of K reduces to the transitivity
of set inclusion.

b) K= K and“K is preorder” imply “K is preorder”. Conversdly, 5 <K
impliesk o K, while K o K = K impliesK c K.

c¢) isadirect consequence of a) and b). &

14. LEMMA. Let K be a binary relation on W. Then:

a) KcKcK and KoK cK

b) If K isan order, then K = K UX(K), where K n2(K) = @

¢) IfKisanorder,and (e f), (f,g) € K such that (e, 9) €Z(K), then

(1), (f 9) €Z(K).
Proof. a) If (e, f) e K and (f, g) € K, we deduce that g eK[f ] < K]g],
hence (e, g) eK.

14



b) If K is an order, then K is transitive, hence K — K . It remains to take
into account the definition of Z(K).

¢) Inthe contrary case at least one of (e, f) or (f, g) does not belong to Z(K).
If, for example (e, f) ¢ Z(K), then from b) it follows that (e, f )e K. Then,
applying a), we obtain (e, g) € K, which contradicts the hypothesis,. <

15. LEMMA. Let K be a binary relation on W. Then:

a) If K isanti-symmetric, then it distinguishes the elements of W

b) K distinguishes the elements of Wif and only if K isan order.

Proof. a) Let us suppose that K N"K ™' = §, and let the elements e, f e W be
such that K[e] = K[f] and K~ *[e] = K~ *[f]. It follows that

Kle] N K '[e] = (K nK™H)[e] ={e}.
Similarly, K[f] n K™'[f] = {f}, and consequently, e =f.

b) Let K be a distinguishing binary relation on W. According to Lemma
C13, K isapreorder, hence it remains to show that K is anti-symmetric. In
fact, if (e, f)e K and (f, € e K hold for e, f €W, it follows that K[e] = K[f ]
and K~ '[e] = K™ [f], hencee=H.

Conversely, let us suppose that K is an order, hence it is anti-symmetric.
Now, if K[e] = K[f] and K ~*[€] = K~*[f], this means that both (e, f )e K and
(f, e)e K, hencee=f. &

16. Remarks. a) The properties of K and K to distinguish the elements of W
are independent. For example, in W= R? the relation
K={(xY), (U V) eW?: x<y} U
is distinguishing, while K is not. On the other hand, the relation
T={(xy), (u,v)) eW?: x < U},
on the same set, is not distinguishing, but T is.

b) The causality of any Minkowskian space-time is signal cohesive. As we
will later see (Corollary C18), this happensin genera metric event worlds.

We obtain simple examples of signa non-cohesive relations whenever the
corresponding signal relation reduces to the identity. Thus, if E=R x §
where (S, d) is ametric space and T = {(t, X), (S, y)) €E?:s—t > d(x, y)},
thenwehave T =T, hence X(T) = .

Before the analysis of the prolongation for general horometrics, it is useful
to return oneself to the case of the temporal metrics in metric event worlds
(Definition B10). It is easy to see that, in this particular case, K distinguishes
the events of the corresponding world, as well as K and K (see also the
Example C 23 a).
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17. THEOREM. Let (S, d) beametric space, E=R x S and let (E, K, o)

be the forthcoming metric event world. If we write
K ={(e,f)eE?:s— t > d(x y)},
wheree = (t, X) and f = (s, y), then we have K=K.

Proof. If we suppose (e, f )e K , then we have K [€] o K [f],i.e (f, g) e K
implies (e, g) € K. In particular, if wetake g = (u, 2) withu>sand z=y, then
we obtain u—t > d(x, 2). In other words, we can say that u> simpliesu >t +
d(x, y), hence s > t + d(x, y). Consequently, (e, f )e K, which proves the
inclusion K cK.

Conversely, if (e, f)e K, then we haves—t > d(x, y). In order to prove that
K[e] o K[f], let us take ge K[f ], hence u — s > d(y, 2). Adding these
inequalities, we obtain

u—t>dxy) +dly, 2 > dix, 2),
i.e. (e, g) eK. Similarly, we can prove that (K) ™ *[e] < (K) ™ *[f], hence
finaly, K = K . &

18. COROLLARY. In every metric event world, the relation of causality is

signal cohesive.

Proof. If we notee = (t, x) and f = (s, y), then, accordi ng to the theorem from
above, we may express the condition (e, f) ¢ K U (K) ~! by the double
inequality — d(x, y) <t-—s<d(x, y). In order to show that K is signal cohesive
it is sufficient to find an event g = (u, X) € K[f] n Z(K)[f ]. According to the
same theorem, this condition reduces to u >t and u — s = d(X, y), which are
obvioudy fulfilled by u =s+ d(x, y). &

19. Remarks. a) Because Kc K , the above theorem represents a prolongation
property of the temporal metric o : K— R, in the metric event world (E, K, o).

In fact, the functional 5:K >R, , expressed by the same formula, namely

G(ef)=(s-1?-d3(xy),
iIsatemporal pseudo-metric for which 5| K =O.

b) From the above theorem, we may easily deduce a characterization of the
null set of atempora metric, namely B
B {(e,f)eE?: &5 (& f)=0} = K \ K,
i.e. K\K =ker &. Interms of Definition C12, thismeansker & = X(K).
¢) Similar results are valid for “inf-type” horometrics. For example, if we
take W= C([a, b]), and we define K and ¢ asin Clc, then
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K ={(f,g)eW?: f(t) < g(t) for all t €[a, b]}
In addition, the functional ¢ : K— R, , expressed by
o (f, @) =inf{(g—f)(t) : t e[a, b]}
is ap-horometric for which ker & = Z(K).

Now we introduce another condition that occurs in the problem of
prolongation. If compared with clock monotony, we formally obtain this
property by replacing K with K in the formulab) of the Lemma C5.

20. Definition. Let (W, K, o) be a (p-) horometric world. We say that o is
smooth if it verifies the following conditions:

(s) K [e] # and (K )™ '[e] =D for every ee W
(o (ef)=inf{o(eg):geK [f]} =inf{c (h,):he(K) '[e]}
for every (e, f)eK.

21. Examples. a) The smoothness of ¢ obviously depends on its domain K.
For example, if K[e] = {e} for some ee W, or more gravely K = §, condition
(s1) isnot satisfied, so that al p-horometrics defined on K are not smooth.

b) Let K be an order relation on W such that (s;) holds. A very simple (even
trivial) example of smooth p-horometric is the null one, defined by 6(e, g) =0
for al (e, f)e K. Obvioudy, 6 cannot be considered atemporal metric.

¢) In every metric event world, the temporal metric is smooth. In fact, for
each e = (t, X) we may takef = (s, x) with s> t, so that (e, f )e K, i.e. we have
K [e] #&. Similarly, (K) ™ '[e] =D .

The equalities of the condition (s,) follow as consequences of some contrary
inequalities. Thus, using the clock monotony and the fact that K K, we
obtainc (e f) < inf{c (e g): ge K[f]}.

Conversdly, let e = (t, X), f = (s, x) and g = (r, y) be such that (e, f )eK and
re(s, s+ 1). Obvioudy, ge K [f ]. We shall show that for each ¢ > 0 there
exists g of thisform, such that

c(eg)<o(ef)+te.
In explicit form, thisinequality gives
(r—s)(r+s—2t) < e?+2e-o(ef),

which is weaker than the inequality

(r—s)(2s+1-2t) < 2.
Because 2s + 1 — 2t is apositive constant, fixed together with e and f, the last
inequality is assured if

r—-s<e(2s+1-2t)°*.
Consequently,

inf{c(e0):gecK [f]} <o(ef)+e,

and it remains to remark that ¢ hereis arbitrary.
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d) Let (W, K, o) be a horometric world in which K satisfies (s;). We choose
apair (e, fo)e K such that o(ey, fo) =r > 0, and we define (asin Remark C4c)
5. (1) = {a(e,f) 'if o(e f)>r
0 if o(e, f)<r.
Then o, isnot smooth, evenif o is. In fact, we have o, (&), fp) =0, while
inf{c (&, 0): (e, f)e K} >,
since o is strictly monotonous (Proposition C7), i.e. ge K [fo] implies
o (&, 9) = o(en, 9) >r =o(e, fo).
€) The restrictions to smaller orders do not generaly preserve smoothness.
Thus, let K be an (s;)-order on W, and let 6 : K— R, be a non-null pseudo-
horometric. If r > 0 is such that there exists a pair (& , fo)eK for which we
have o(ey, fp) =r , then we may construct the relation
L={(e,f)eK:c(ef)>r} wWo.
It is easy to verify that L is an order, L K, and p = a|,_ IS a s.a. metric.
Furthermore, p is not smooth because either L does not verify (s;), or p does
not verify (s,). Infact, if ee (L) ~*[e] and p(e, &) = m, then we obtain
p(& fo) = p(e, &) + p(ep, fo) =m+r.
Because for any other fe L [eg] we also have p(e, f) > m+r, it follows that
inf{p(ef):fel [e]} >m+r>m
In order to enounce the main prolongation theorem in a shorter form, we
introduce the following terminology and notation:

22. Definition. We say that the (p-) horometric world (W, K, o) is normal if
it satisfies the conditions:

i) K distinguishes the elements of W

1) Kissignal cohesive
Iii) o issmooth.

The functiona & :K — R, , expressed by

5 (o) = {o(e,f) 'if (e f)eK

0 if (e f)eXZ(K),
Is called standard prolongation of . The fact that we may consider ¢ as a
“prolongation” is based on Lemma C14b.

23. Examples. a) Every metric event world is normal.

Aswe already saw, the condition ii) follows from the Corollary C18, and iii)
is proved in Example C21c, hence it remains to provei). If we write e = (t, X)
and f = (s, y), then condition K [€] = K [f ] means that for every g = (u, 2) we
have u —t > d(x, 2) if and only if u— s> d(y, 2). In particular, for z = x, it
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follows that u > t implies u > s + d(Xx, y), hencet — s > d(x, y). Similarly,
taking z=y, from u > sit follows that u >t + d(X, y), hence s > t + d(x, y).
Consequently, s=tandx=y,i.e.e=H.

b) Let W = o7 (T), K and ¢ be defined as in Example Clc. Then the
forthcoming horometric world is normal.

In order to prove that

K ={(f,g)eW?: 3 ¢>0suchthat f (t) + e < g(t) for all t €T}

distinguishes the elements of W, we show that f =g implies K [e] = K[f]. In
fact, if f # g, then thereis at least one t, € T, where we have f (to) # g(to), say
f (to) < g(to). If we note h = [g(te) — f (to)] / 2, then we have f + h e K [f ],
whilef+h ¢ K[q].

In order to prove that K is signal cohesive, we mention that

K ={(f,g)eW?: f(t) < g(t) for all t T},

hence (f, g) ¢ K U(K) ™! means that there exist t, t, T such that some
opposite inequalities hold, say f (ty) < g(ty) and f (t;) > g(t,). Then, for the
functionh: T >R, of values

h(t) = TE}X{ F(t) + ¢, 9(t)},

where € = g(t,) — f (t,), we obviously have (f, h) € K and (g, h)e K. Because
h (ty) = g(ty), it follows that (g, h) € Z(K).

Condition (s;) of Definition C20 is obviously satisfied. In order to prove (s,),
we primarily remark that

c(ef)<inf{c (e g):geK[f]},

since ¢ is super-additive.

On the other hand, using the functions

On = % +f e K[f], neN*,
we obtain
cleg)=c(ef)+ L,

which leads to the contrary inequality.

¢) We may obtain examples of non-normal horometric worlds if we start
with orders as in Remark C16, or non-smooth horometrics o, like in Examples
C21d, e, etc.

d) If (E, K, o) is ametric event world, then the p.s.a. metric &, defined in
Remark C19a, is the standard prolongation of .

In the case of W= 7, (T), the p-horometric & : K - R, , expressed by

o (f,g)=inf{(g—f)(®):teT},

isthe standard prolongation of .
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Now, we may discuss the main prolongation theorem.
24. THEOREM. If (W, K, o) is a normal horometric world, and & is the
standard prolongation of o, then:
a) ¢ isa pseudo-horometric
b) & has no proper extension,
i.e. there is no pseudo-horometric c*: K* - R, , suchthat K* > K and
O'+‘R = 0.

Proof. a) According to Lemma C15b, K is an order, and because 8 < %(K),
& verifies condition i’) from C3. In order to prove ii) from the same
definition, let us consider (e, ), (f, g)e K. Then (e, g)e K according to
Lemma C13, but, by virtue of Lemma C14b, two different Situations are
possible, namely either (e, g)e Z(K), or (e, g)e K .

In the first case, applying Lemma C14c, we obtain that both (e, f) € Z(K)
and (f, g)e Z(K), hence the condition of super-additivity is trivially verified
because al thevaluesof & on (e, f), (f, g) and (e, g) are null.

In the second case, we may distinguish two sub-cases: either both (e, f) and

(f, g) arein K, or only one of themisin K, and the other isin Z(K). In the
first sub-case it is also easy to verify the super-additivity, because ¢ has the
same values as . Finally, let us consider (e, f )e K and (f, g)e %(K), the
remaining situation, when (e, f)e 2(K) and (f, g)e K , being similar. By virtue
of Lemma C14a, we have (e, g)e K, and because & (f, g) = 0, it remains to
prove that ¢ (e, f ) < o (e, g). Using property (s;) concerning the smooth
horometric o, we may consider elements he K [g]. For every such element we
have (f, h)eK and o (e, f) < o (e, h). Being smooth, ¢ aso verifies (s,), hence
c(ef)<inf{c (e h):heK[g]} =oc (e 0).

b) We will show that the contrary case is absurd. Let us suppose that the p-
horometric c*: K™ >R, is astrict prolongation of & , i.e. besides the pairs
of K, o isdefined on at least one additional pair, say (e, f)e K™ \ K. We
claim that for this pair we have

(e,f)g KU(K)™

In fact, if we suppose the contrary, we obtain (e, f )e(K*) ™!, hence on

account of the anti-symmetry of K™, we must have e = f, which contradicts

the supposition (e, f )¢ K. Then, under the hypothesis that K is signal
cohesive, there exists an element

ge K [f] nZ(K)[€].
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For the triangle of vertices e, f, gwe have (e, f)e K™, (f, g)e K< K™, and
(e, g)e (K) = K*. But in this situation we deduce that o™ (e, g) = 0, and

o (f, g) = o(f, g) > 0, hence now matter how o (e, f) is defined, the property
of super-additivity cannot be satisfied. >

25. Remarks. a) We have used the fact that K is signal cohesive only in the
proof of part b) of the above theorem.
b) According to the above theorem, the standard prolongations disgssed in

Example C23d, alow no further prolongations. In fact, we have [K]= K,
which also explains why repeating the standard prolongation is inefficient.

¢) The above theorem concerns a particular type of prolongation, namely the
standard one, but generally, this problem admits many other formulations. For
example, if (W, K, o) is a horometric world and Ko K, then we may easily

see that (W, Ko, a‘ Ko) also is a horometric world. One may ask how to

reconstruct ¢ from a‘ K, » but obviously, thisis not a standard prolongation.
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