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Let Q C RY be a bounded domain with a C?-boundary 92. Consider
the following double-phase problem with singular reaction

{ —Apu(z) — Aqu(z) = a(2)u(z) ™" + f(z, u(z)) in Q,

u‘aﬂ:0,1<q<p,0<n<l,u>0. L
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For every r € (1,00), we denote by A, the r-Laplace differential
operator defined by

Ayu = div (|Du|""*Du) forallu € Wé’r(Q).
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Now we introduce the hypotheses on the data of problem (1).
Ho: a € C)(), a(z) > Oforall z € Q.
H;:f:Q xR — R is a Carathéodory function such that f(z,0) = 0
fora.a. z € 2 and
(i) |f(z,x)] < a(z)(1 +x"~") fora.a. z € Q,all x > 0, with
a e L>®(Q);

(i) Ai(p) < hm 1nff( 2,%) uniformly for a.a. z € €);
——400 xp_
(iii) if F(z,x) fo x)ds then there exists 7 € (g, p) such that
F(Z> X) —f(Z,X)X

0 < By < liminf p uniformly for a.a. z € €;
x—+o00 xT

(iv) there exist u € (1,g) and 6,79 > 0 such that
Cox" < f(z,x)x < pF(z,x) fora.a. z € Q, all 0 < x < 4§, some Cy > 0,

a(z)0™" +f(z,9) < —C < Oforaa. z € Q;

(v) for every p > 0, there exists ép > 0 such that for a.a. z € €, the
function x — f(z,x) + £,x’~! is nondecreasing on [0, p).
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By a solution of problem (1), we mean a function u € Wé P(€)) such
that u~"h € L'(Q) for all h € W, () and

(Ap(u), h)+(Ag(u), h) = /Q [a(z)u™ + £ (z,u)] hdz for all h € W,”(S).

Letp: Wé P(Q) — R be the energy functional for problem (1)
defined by

p(u) = *IIDMH”+ 1Du II"—/ ) Nz~ /QF(z,u+)dZ

forall u € Wy ().

The presence of the singular term implies that o(-) is not C! and so
we cannot use the results of critical point theory directly on this
functional. We need to find ways to bypass the singularity and deal
with a C!-functional.
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The main result establishes the following multiplicity property for
problem (1).

Theorem
If hypotheses Hy, Hy hold, then problem (1) admits at least two

positive solutions

U, it € int Cy,ugp # it, uo(z) < U forall z € Q.
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This is a joint paper with Professor Nikolaos S. Papageorgiou and
Professor Vicentiu Radulescu.
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