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Abstract

In this paper we are using two important methods that could o¤er
information on the dynamics of systems described through nonlinear dif-
ferential equations. One of the method is the Lie symmetry method and
the other one is an expansion method in terms of the well-known solu-
tions for some auxiliary equations. Both methods will be illustrated on
the Kundu-Mukherjee-Naskar (KMN) model, a nonlinear partial di¤er-
ential equation which appears in many �elds, as optics, hydrodynamics
or super�uid �lms. New solutions of soliton type for the model could be
generated using the two methods.

1 Introduction

The nonlinear phenomena are most frequent in nature as the linear behav-
ior. They are usualy described by nonlinear di¤erential equations, so that solv-
ing nonlinear partial di¤erential equations (NPDEs) is a quite important issue.
There are not clear prescriptions on how to solve such equations, and, moreover,
it is not clear if a considered equation can be integrated or not. There are many
approaches related to the integrability: the inverse scattering transformation
[?], the Hirota bilinear method [?], and, not at the end, the symmetry analy-
sis [?, ?, ?]. The NPDs could accept many types of solutions, depending on
the initial conditions or on the values of the parameters appearing in the equa-
tion. Ones of these solutions are known as "traveling wave solutions" and there
are many methods that can be used to get them. All these methods suppose
three main steps: (i) transformation of the NPDE into an nonlinear ordinary
di¤erential equation (NODE) by passing to the wave variable; (ii) choice of an
auxiliary equation, that is an ODE with well-known solutions; (iii) looking to
a solution of the NODE in terms of the solutions of the auxiliary equation. It
is important to underline that the step (ii) could generate a dependence of the
traveling wave solutions on the choice of the auxiliary equation, while step (iii)
could give di¤erent solutions depending on the solving method, that is on the
mathematical form we chose for the NODE solutions.

1



Speaking about auxiliary equations, the most frequent choice is the Riccati
equation. Other options are represented by various other ODEs, linear or non-
linear, of �rst or of higher order of di¤erentiability. Here we will consider three
such equations: two �rst order equations and one of the second order. Their
mathematical form and their solutions are presented in the forthcoming section
of the paper.
Related to the solving methods, there are many direct methods allowing

to get traveling wave solutions, as for example: the new extended direct al-
gebraic method [6, ?], the novel (G0=G)-expansion method [7, ?], generalized
(G0=G)-expansion method [8], the Jacobi elliptic functions [10], the extended
trial equation method [11, ?], the modi�ed Khater method [?], the generalized
Kudryashov method [?, ?], the exp-function method [9], or the functional expan-
sion introduced in [?]. This paper will deal with the last two methods, both of
them supposing to �nd solutions of a given NODE as expansion of the known
solutions of an auxiliary equation. The main features of the two methods will
be underlined in the third section of the paper.
The aim of this paper consists in discussing how solutions could depend on

the two important factors we mentioned: the choices of the auxiliary equation
and the form of the expansion considered for expressing the solution of the
investigated NPDE. We will analyze the most appropiate way that should be
used to solve a given NPDE, and we will compare the solutions obtained by using
the two methods and the three auxiliary equations. The model to be e¤ectively
investigated will be the Kundu-Mukherjee-Naskar (KMN) model. The KMN
model appears in many �elds and describes many types of phenomena, from
optics to the �ows in super�uid �lms [?]. It is given by the following equation:

iqt + �qxy + i�q(qq
�
x � q�qx) = 0; (1)

where q(x; y; t) represents an complex variable de�ned in a (2D+1) space-time.
The equation was investigated through many of the before mentioned methods,
as for example: through the extended trial function method [?], the modi�ed
simple equation approach [?], the new extended algebraic method [?], the mul-
tiplier and sine-Gordon expansion methods [?], and through the novel extended
rational sinh-Gordon equation expansion technique [?]. Similar approaches can
be mentioned for other equations, with important application in physics Similar
approaches can be mentioned for other equations, with important application
in physicsQTOunrecognized[?, ?, ]
T. B. Benjamin, J. L Bona, J. J. .Mahony, "Model equations for long waves in

nonlinear dispersive systems", Society Philosophical Transactions Mathematical
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