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Abstract

The relevance of the BRST cohomology of the extended antifield
formalism is briefly discussed along with standard homological tools
needed for its computation.
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The lectures given at the school Q.F.T., Supersymmetry and Superstrings,
in Calimanesti, Romania in April 1998 were intitled Classical and quantum
aspects of the Batalin-Vilkovisky formalism. They covered the following ma-
terial:

e Lesson 1: Algebraic structure of gauge symmetries

Finite dimensional toy model. Noether identities. Koszul-Tate resolu-
tion of on-shell functions. Gauge symmetries. Longitudinal differential.
BRST differential. Antibracket. Master equation. Homological pertur-
bation theory.

e Lesson 2: Locality in field theory

Jet-spaces. Local functionals and local functions. Euler-Lagrange
derivatives. Algebraic Poincaré lemma. Local antibracket. Master
equation and BRST differential.

e Lesson 3: Consistency conditions on anomalies. Non renormalization
theorems.

Non minimal sector. Gauge fixing. Generating functionals. Statement
of quantum action principles. Consistency conditions on anomalies.
Lie-Massey brackets. Higher order cohomological restrictions. Power
counting in the antifield formalism. Beta functions. First non renor-
malization theorem. Local version of Callan-Symanzik equation. Sec-
ond non renormalization theorem. Chern-Simons theory.

Useful review references connected to the material covered here are [1,
2,3,4,5, 6,7, 8,9, 10]. Details on specific topics, reflecting the point of
view of the author, can be found in [11, 12, 13, 14, 15, 16, 17, 18] and in the
literature cited therein.

The purpose of this note is to discuss briefly the BRST cohomology of
the extended antifield formalism, to give some details on exact couples and
spectral sequences, and to apply these concepts in the problem at hand.
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1 Introduction

1.1 Classical theory

The Batalin-Vilkovisky formalism [19, 20] allows one to formulate the BRST
differential [21, 22, 23, 24] controling the gauge symmetries under renormal-
ization for generic gauge theories. The formalism can be extended so as to
include (non linear) global symmetries (see [12, 13] and references therein),
which is achieved by coupling the BRST cohomology classes in negative ghost
numbers with constant ghosts. A further extension including the BRST co-
homology classes in all the ghost numbers can be constructed [16]. Some
features of this extension are :

e it allows one to take into account in a systematic way all higher order
cohomological constraints due to the antibracket maps [14],

e it is the appropriate formalism to prove stability independently of power
counting restrictions, also called renormalizability in the modern sense
[25], in the case of generic gauge theories,

e an appropriate BRST differential can be constructed on the classical
and the quantum level, even in the case of anomalous theories [17].

Let us briefly summarize the results of [16] needed in the following. The
extended formalism is obtained by first computing a basis for the local BRST
cohomology classes. This basis contains as a subset those classes that can be
obtained from the solution S of the master equation by differentiation of S
with respect to so-called essential coupling constants. The additional classes
completing the basis are then coupled with the help of new independent
coupling constants. This action can then be extended by terms of higher
orders in the new couplings in such a way that, if we denote by ¢4 all the
couplings corresponding to the independent BRST cohomology classes, the
corresponding action S satisfies the extended master equation

;(S, S) + AuS = 0. (1.1)

The BRST differential associated to the solution of the extended master
equation is

5=(S,-)+ AL (1.2)
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where A, = %fA, while AL = (—)4 A%, with f4 depending (at least
quadratically) on the couplings £ alone. Both antiderivations satisfy (A.)? =
0 = (AL)?2. Since there is no dependence on the fields and the antifields,
AL(A, B) = (ALA, B)+(—)A1(A, AL B), with the appropriate version hold-
ing for the right derivation A.. The local BRST cohomology classes contain
the generators of all the generalized non trivial symmetries of the theory in
negative ghost number, the generalized observables in ghost number zero,
and the anomalies (and anomalies for anomalies) in positive ghost number.
This is the reason why the extended master equation encodes the invariance
of the original action under all the non trivial gauge and glocal symmetries,
their commutator algebra as well as the antibracket algebra of all the local
BRST cohomology classes.

The cohomology of 5 in the space F' of £ dependent local functionals in
the fields, the antifields and their derivatives is isomorphic to the cohomology

of

sa. = [Ac ] (1.3)
in the space G of graded right derivations A = gTI:)\A, with A\ a function of
¢ alone, [-, -] being the graded commutator for graded right derivations,

H(5,F) ~ H(sa,,G). (1.4)
ofs B

If 11 is a sa, cocycle, the corresponding S cocycle is given by uS = e

1.2 Quantum theory

In the standard version of the BRST-Zinn-Justin-Batalin-Vilkovisky set-up,
there are two main issues to be considered: stability and anomalies.

The problem of stability is the question if to every local BRST cohomol-
ogy class in ghost number 0, there corresponds an independent coupling of
the action. The extended formalism solves this problem trivially by con-
struction, since all cohomology classes have been coupled with independent
couplings. The non trivial part of the formalism is the proof of the existence
of the extended master equation and the associated differential, which allows
to control the symmetries after the extension. Of course, it will be often
convenient in practice not to couple all the local BRST cohomology classes
but only a subset needed to guarantee that the theory is stable.
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In the standard set-up, the question of anomalies is mostly reduced to
the question of the local BRST cohomology in ghost number 1 and to a
discussion of the coefficients of these cohomology classes. In the presence
of anomalies, there is no differential on the quantum level associated to the
anomalously broken Zinn-Justin equation for the effective action. In the
extended formalism however, because all the local BRST cohomology classes
in positive ghost numbers have been coupled to the solution of the master
equation, such a differential exists [16]. Indeed, the quantum action principle
26, 27, 28] applied to (1.1) gives

;(F,F) + AT =hAoTl, (1.5)
where I' is the renormalized generating functional for 1PI vertices associated
to the solution S of the extended master equation and the local functional
A is an element of F' in ghost number 1. Using the result (1.4) on the
cohomology of 5, one can show [16, 17] that, through the addition of local
counterterms, (1.5) can be written as

1
S, T%) 4 AT =, (1.6)

where I'™ is associated to the action S® = S — Y_ 1A, containing local
finite BRST breaking counterterms ¥, and A® = A, + AA; + h2A, + ...
satisfies (A°)% = 0. The associated quantum BRST differential is

s = (I,) + (A®)L. (1.7)

In the limit & going to zero, we recover both the classical extended master
equation (1.1) and the classical differential s.

In the extended antifield formalism, the anomalous Zinn-Justin equation
can thus be written as a functional differential equation for the renormalized
effective action. The derivations Ay, A,, ... are guaranteed to exist due to
the quantum action principles. They satisfy a priori cohomological restric-
tions due to the fact that the differential A* is a formal deformation with
deformation parameter i of the differential A..

For instance, the derivation A; is a cocycle of sp, in ghost number 1,
because [A., A;] = 0. This cocyle can be assumed to be non trivial, because
otherwise, A; could have been absorbed by the counterterm ;. Hence, non
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trivial anomalies, which correspond in this formalism to non trivial deforma-
tions of A, are controled by H'(sa,,G).

In the standard way, once care has been taken of the trivial anomalies
through the counterterms X, the remaining infinite and finite counterterms
are required to belong to H°(s, F') ~ H%(sa,,G) in order to preserve (1.6)
to that order.

It is thus of interest to compute the cohomology of sa..

2 BRST cohomology in the extended anti-

field formalism
Let A = %)\A be a right derivation. We assume that the A\ are formal
power series in £4. In the following, we provide this space with an obvious
filtration. It will however not have finite length, and for particular theories,
better filtrations have to be found in order to do a complete computation.
Since the techniques will be similar, it is nevertheless useful to show how
they work on this example.

2.1 Grading and filtration on the space of right deriva-
tions

Let N¢ = gg—ifA be the operator counting the number of £’s. A general right
derivation admits the following decomposition according to the eigenvalues
of Net: A= A_1 + Ao+ A1 + ..., where [\, N¢| = p\,. Hence, G is a graded
space, G = ®,—_1GP. (It is actually a bigraded space, the other grading, for
which sa, is homogeneous of degree 1 being the ghost number.)

The graded right commutator satisfies [[An,, in], Ne] = (m + n)[ A, ).
The decomposition of A, starts at eigenvalue 1: A, = A, + A + ... ; the

corresponding decomposition of sa, being sa, = [Aq, | + [Aa, | = ... =
51+ So+ .... It follows that the cocycle condition sp, A = 0 decomposes as
81)\_1 = O,

81)\0 + 82)\,1 = O,
81)\1 + 52)\0 + 53)\,1 = O,

:, (2.1)
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while the coboundary condition A = sa_p decomposes as

)\,1 - 0,

Ao = Sifi—1,

A1 = sio + Safi—1,

Ao = 8141 + Saflo + S3f4_1,

: (2.2)

In order to construct the spectral sequence associated to this problem, we
follow [29].

Consider the spaces K, of derivations having N¢ degree greater than p,
ie, A € K, if A = X\, + X1+ .... The space of all right derivations is
G = K_1, Kp41 C K, and sp K, C K,. The sequence of spaces K, is a
decreasing filtration of G, with K,,/K,; ~ GP.

We have the short exact sequence!:

00— @p=—1Kp+1 — 6911):—1[(10 — EBp:—le/KzoJrl — 0, (2-3)

where &, _1K,/K,+1 ~ &,-_1GP. The following diagram is exact at each
corner:

H(SAc7 @p:—leH) Lo, H(SAc7 @p:—le)

ko ™\ ./ Jo (2.4)
E07

where By = @y 1K,/Kp11 ~ &,—_1GP. In this diagram, H(sa,, K)) is
defined by the cocycle condition sa, (A, +Ap41+...) = 0, and the coboundary
condition A\, +A,41+. .. = sa,(tp+ptp+1+.... The maps iy and jy are induced
by i@ and j, ig[Apt1+Apra+-..] = [Apr1 F A2+ . ] and jo[ Ay +Apr1 +.. ] =
[F(Ap + Aps1 +-..)] = [A\p]. They are well defined, because iy maps cocycles
to cocycles and coboundaries to coboundaries, while j(sa,(fp + fpt1--.)) €
K,+1. The map ko is defined by ko[\,] = [sa,Ap]. It does not depend on the
choice of representative for [\,] € K,/K,.1, because [sa,(Apt1+...)] =0 €
H(SAca Kp+1>'
Let us check explicitly that this diagram is exact:

LA diagram is said to be exact if the image of a map is equal to the kernel of the next
map.
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e ker jj is given by elements [\, + A\,41 + ...] € H(sa,, K,) such that
sa,(Ap+Api1+...) =0and A\, = 0. This is the same than icH (s, Kpi1),
which is given by [Ap41 + Apy2 + ..., with sa,(Apy1 + Aps2 +...) =0,
the equivalence relation being the equivalence relation in H(s, K,) by
definition of 7.

o ker ko is given by elements [\,] such that [sa,\,] =0 € H(sa,, Kpi1),
i.e. such that sa. A, = sa,(fp+1 + fpt2 + ....). By the identifica-
tion Apy1 = —fpt1, Apr2 = —Upy2, ..., this is indeed the same than
JoH (sa,, Kp) given by [A\,] with sa, (A, + Api1 +...) =0.

e ker i is given by elements [A,+1+Apro+...] such that sa, (Apr1+ A2+
) =0and A\py1+ Api2+ ... = sa,(p + fp+1 +...), while ko[p,] is given
by [Ap+1 + Apsa + ...] of the form [sa p,] so that Api1 + Apio + ... =
Sa.tp + Sa.(fp1 + .. .), which is indeed the same.

2.2 Exact couples and associated spectral sequence

To every exact couple (Ag, By), i.e., exact diagram of the form

Ay 2% Ay
ko ™./ Jo (2.5)
BO?

one can associated a derived exact couple

A5 4
v\ 7" (2.6)
B;.

In this diagram, the spaces and maps are defined as follows: A; = iyAp;
By = H(dy, By), where dy = joo ko ( d3 = 0 because ky o jo = 0); for
ar = ioag, 11a1 = 11(lpag) = idap; j1a1 = [Joao] (this map is well defined: joag
is a cocycle, because kg o jo = 0, furthermore the map does not depend on
the representative choosen for ag, because if igag = 0, ag = kobg for some by
and j1a1 = [j() o ]{Z()bo] = 0), ]{31 [bg] = kobo (kobg = ’io(l() for some bo because
dobo = jo(kobo) = 0 implies koby = igag, furthermore kodocy = 0 because
ko o jo = 0).
Let us also check explicitly exactness of this diagram:
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e ker j; is given by elements a; = igay such that [joag] = 0, i.e., joag =
Jokobo and then ag — koby = igco, implying that a; = i3cy. i1 A; is given
by elements a; = ijc; = i2co. It follows that ker j; C i;A;, while the
inverse inclusion follows from 7, o ig = 0.

e ker k; is given by elements [by] such that koby = igap = 0, i.e., such
that by = joco, for some ¢y, while im j; is given by elements [by] such
that [bo] = [Joeo], i.€ bo = jo(eo + ko fo). It follows that ker k; = im j;.

e ker i; is given by elements a; = ipag such that ig(igag) = 0, i.e., igag =
kobo (which implies in particular doby = 0). im k; is given by elements
a1 = tpag = kobg for some by with dybg = 0, so both spaces are indeed
the same.

Clearly, this construction can be iterated by taking as the starting exact
couple the derived couple. We thus get a sequence of exact couples

iy
Ar — Ay

b N (2.7)
B,.
and the associate spectral sequence (B,,d,), for r = 0,1, ..., i.e., spaces B,

and differentials d, satisfying B,,1 = H(d,, B;).

2.3 Spectral sequence associated to the BRST coho-
mology of the extended antifield formalism

Let us now apply the general theory to the case of the exact couple (2.4) and

give explicitly the differentials d, and the spaces B, (called E,) in this case

forr=20,1,2,3.

We have Ey = ®p——1K,/K,11 ~ @p—_1GP. The differential dy is de-
fined by do[M\po = Jo[sa.Ap], where [sa.\p] € H(sa,., Kpi1). It follows that
do[ApJo = [s1Ap]- This means that EYf is defined by elements [[A,]o]1 with the
cocycle condition

S1 )\p =0 (28)
and the coboundary condition

Ap = Siflp—1- (2.9)
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Because s; = %fﬁcﬁBﬁc, and s? = 0 implies that the f3. are the structure
constants of a graded Lie algebra, this group is just a graded version of
standard Lie algebra (Chevalley-Eilenberg) cohomology with representation
space the adjoint representation.

Take now [[Ay)o]1 € EY. The differential di[[M\y)o]i = jiki[[Mp)o)1 =
Jiko[\Jo = dilsa M) = [Joig '[sa.Ap]]i- This means that [sa \,] has to
be considered as an element of H(sa,, Kpt2) so that di[[A]o]1 = [[s2Ap]o]1-
Hence EY is defined by elements [[[Ay]o]1]2 with the cocyle condition

82)\1, -+ 81)\p+1 = 0, (210)
$1Ap = 0, (2.11)

and the coboundary condition

)\p = Sollp—2 + S1tp—1, (212)
0= sl,up_g. (213)

We thus find that EY = HP(s9, H(s1)).
The differential dy in Ef is defined by da[[[M]oli]e = g2k2([[Ap)o)i]e =

Jaka[[Mplolr = Gako[Aplo = v ko[Aplolz = [[joig i1 "ko[Aplo]u]o- In order to
make sure that ko[\,]o belongs to i1igH (sa,, Kpi1) we use A, + A\pi1 as a
representative for [Ay]o. It follows that da[[[A]o]i]e = [[[s3Ap + S2Apt1]o)i]e-

The cocycle condition for an element [[[[A,]o]1]2]s € E% is then given by

$3\p + S2Apy1 = Saflpi1 + S1fpt2, (2.14)

Sg)\p + 81)\p+1 = 0, (215)

s1A =0, (2.16)

with sip,42 = 0. The redefinition A\,11 — Apy1 — fpr1 and Appo = —fipyo,

then gives as cocycle condition

83)\p + 82)\p+1 —+ 81)\p+2 = O, (217)

82>\p + 81>\p+1 = 0, (218)

51\, = 0. (2.19)

The coboundary condition is [[[Ap]o]i]2 = ds[[[tp—3+kp—2]o]1]2, where sqp,—3 =
0, s2f1p—3 + S2ftp—2 = 0, hence [[AyJo]1 = [[s3ptp-3 + saptp—2loli + da[[op-2]o],
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with sy0,_2 = 0 which gives

Ap = S3flp—3 + S2flp—2 + $20p_2 + S1Pp-1, (2.20)
0 = Softp—3 + Siflp—2, (2.21)
0= S1Hp-3, 0= 510p—2. (222)

The redefinition yi,—9 — ftp—240,-2 and p,_; = p,—1, then gives the cobound-
ary condition

Ap = S3hip—3 + Saplp—2 + S1fip-1, (2.23)
0 = soptp—3 + S1ptp—2, (2.24)
0= S1Hp—3- (225)

This construction can be continued in the same way for higher r’s.
The original problem was the computation of H(sa.,G) = H(sa,, K_1).
From exactness of the couples (2.7), it follows that

H(sa,, K1) =~ joEy " @ ker jo
~ ker ko(C Eg") @ igH (sa,, Ko)

~ ker ko(C E;") @ ker ki (C EY) @ iyigH (sa,, K1) (2.26)
(2.27)
~ ol ker k.(C BT @ig...igH(sa,, KR). (2.28)

Furthermore, Ey ~ E, @ Fy ® dyFy and E;t ~ E;' @ F;'. F, does not
belong to ker ko because doFy # 0. Thus ker ko(C Ey')) ~ ker ki (C EfY).
Similarily, £y ~ Ex® Fy®d, F) and (d1F)™' = (diF1)° = 0. Again, d;[F}]; #
0 implies that F} does not belong to ker k1. This means that ker ki (C Ey 1) ~
ker ky(C Ey') and ker ki (C E?) ~ ker ky(C E9). Going on in the same way,
we conclude that ker k,(C EI71)) ~ ker kz(C Ej1)). We thus get

H(sa,, K1) ~ @ ker kp(C B ) @ig...i0H(sa,, Kg). (2.29)

This construction is most useful if it would stop at some point. Indeed,
suppose that Ky = 0. Because kg[... [A\p)o .. .]r belongstoig ... i0H(sa,, Kpiri1) =
0, it follows that

H(sa,, K1) = &5 B (2.30)
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