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gravitational and electromagnetic interactions
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Abstract

In this article, we establish that the gravitational and electromagnetic fields
have a consubstantial nature and obtain expressions for the description of the
electromagnetic-gravitational field in Y4 space. The applied approach can be de-
scribed as follows. First, we develop Eddington’s ideas to obtain an analog of
Maxwell’s theory in Y4, interpreting the symmetric terms as metric and the anti-
symmetric part as an electromagnetic field. Then, the antisymmetric part is studied
as an electromagnetic field; finally, we introduce the Weyl theory to determine the
geometrical structure of the world by applying the Weyl assumption about partition
between geometry and electricity.
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1 Introduction

After the theory of general relativity was developed between 1907 and 1920, a problem
arose of unification of the gravitational and electromagnetic fields. There are several
different approaches to the creation of unified field theory; the most recent is string
theory that considers high-dimensional spaces with subsequent reduction (convolution)
to the observable phenomenal space. The initial approach was made by the founding
fathers of relativity theory: A. Einstein [10, 11} 12] 13, 14], A. Eddington [9], and H.
Weyl [36], 37, [38]. Its main idea is to construct a four-dimensional continuum so that the
mathematical description of all fundamental forces can be coherently obtained from the
variational principle; this theory must contain gravitational and Maxwell’s field equations
in a natural way [5] 6], 411, 42| 43| 44], [45] [46].

In [41], 42 43|, [44] [45] 146] we studied the geometrical structure of the Y™ space and
some of its applications to physical problems. In the present article, we consider the amal-
gamation of the ideas of A. Einstein, A. Eddington, and H. Weyl into one comprehensive
theory based on the geometrical structure of space with torsion, where the connection is
defined by . .

= Egm (i1 + Guik — Grri + Gem Sy + GimSii) + 5551-

Let us recall that the classical Maxwell equations in four-dimensional representation

describe the electromagnetic phenomena of the physical world. The Maxwell electromag-

netic field can be described in terms of a four-vector potential A; = (qb, Ay, A, 1213) in
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the form
Fip = Aigg — Ak = Aip — Axi + Sh A,

Maxwell’s equations are
Fia+ Fig + Fra; =0

and 4
Fik;k — _ﬂ-Jz’
C

where J' = (p, J', J?, J?) is the current vector. The electromagnetic field in vacuum
can be expressed as
F* e =0.

The main idea of this article is to combine different relativistic methods into one co-
herent consistent model of the electromagnetogravitational theory in Riemannian space
with torsion, which provides the simplest possible description of gravitational and elec-
tromagnetic fields and reveals their consubstantiality.

2 The field equations in Y"-space

Let us consider a four-dimensional continuum with the structure of a Y™ manifold.
In this space, the infinitesimal parallel transportation of a vector A’ is defined accord-
ing to the formula

Al = AT + T A, (1)
where we denote gTA,: = A’}, and it can be shown that the connection can be calculated

by using the metric and torsion tensors [33] as

i .
= 591” (Gikg + Grik — ki + GemSyy + GmSki) + §S£l. (2)

The tensor RY;, is the curvature tensor of Y and can be written as [33]

Ry = Ry, =T?  —T% 4+ T7T% — P T!

ip,k ik,p qp~ ik’
and
_pp _ TP TP P T4 TP T4
Ripy = Ry =10, — Uiy + Uiy — T (3)

where the connection can be written in the form I}, = P}, + L%, or I'", — P}, = L7,.
From the definitions of covariant derivative and curvature tensor, we have the equation

i i _ pt i ¢ i pioqt t @i

Jkipiq Jkigip T qu’ th + quksjt qutsjk + qu Jksto
or

g — S — St St =R SL+ RS, — RSS!

Jk;ipiq Jk;q;p qp* gkt qpj*tk qpk* jt qpt™jk-

3 The Eddington theory

In Eddington’s approach, we assume that the connection of the space does not depend on
the space metric. We compose the scalar density as

W, =v—=99" Ry,
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and apply the variational principle of least action, postulating that all variations of the
functional

/gikRik\/ —gdV

with respect to the connection vanish, provided the integral is not varied at the boundaries.
By standard calculations, we have

0 / 9" Ripn/=gdV = /gik 0 (Fg)p,k - Pfk,p - F’;kng - ngrgk) V=gdV.

m

The variation with respect to the connection I

gives
/ (9" m = 9" k0 + 9" Ty + " Tl — g0y, — 9" T507,) V=g 8(Lr) dV = 0,
and consequently
9" = 9" 10+ g, + g Ty — T, — g TG, = 0.
By contracting this equation over indices ¢ and m, we obtain
nm nk imiTn nkmm nmiyp ik
9" = 49" e+ 9", g — 9", — 497 T = 0,

and '
3(9" i+ g™IL) + g™ SE, = 0. (4)

We contract the previous equation with the tensor g,; and obtain
gntd  m — GnmG  k nm mn — YnmG Lg )

or
29" (10(y/8)) . + i ) + 97" + 7" S + 6"y = 0.

We introduce the notation and obtain

1 .
— 29" (0(v/9)),,, + Ty ) + 9" Shy =~ (0(\/5),, + 0, )

3.1 Field equations [41].

Let us contract the equation

i i _ pt i t i i ot t Qi
Jkipyq T Mikigp T quj th + quksjt - qutSjk’ + qu Jk;t (7>
by the indices k, p and multiply by ¢7%; we have
(gkpgjssik;p - gkpgjssépsgk);i - gkpgjssik;i;p o gkpgjssli‘l%isgk (8)
= g"¢"° R} S} + 9" 9 R..S% — 99 R, Sty
Let us denote
ji kp js i kp js qi
H" = g pg] Ssk;p -9 pg] quSgk7 (9>
and ‘ o
FP = g"g* Sty (10)
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We introduce an asymmetric tensor (asymmetric in any pair of indices)

CF = g g™ s+ gP* g7 Sl + g7 gV Sk . (11)
We have
HY — F) — g™ g S8 Fpy = g ¢"*RL S} + g™ ¢"*RL .S, — g™ g Rl S, (12)
where Fpq = S ;.
We obtain
H% — {% = O 4 ok ghegast 6T girgesgt Gk (13)

and we have

. ) 1 ) .
979" 55t = 97915 St = 5 (C715,, — C183,) (14)
hence .
H* — g% = 0 4 ik 3 (Coraglk — ChPagd Y (15)
It is easy to show that
Ci = —Ct = — <Cfg"“ +19,C7F 4 THCIP 4 r;n.cpkf) . (16)

We conclude

F]];Z.Cipk = szCipk — (PzpCipk + P;iopz’k) _ %S{,Dcpki _ —lsj‘C'kpi,

27

N —

and
g N 1 | -
k i k 7 7 k k k 7 k
FpiC' JP — FipCp] = EC’”’ (Fip — Fpi) = QSZ-I,C”’ = §Spq0“p.
Then we have

. y e 1 1 . .
O = ~C* = Ok — 251,04 4 Zgh 0~ T4,009, (1
and we conclude ' ' N , ,
H% — g% = —CW% 14 OPh . ik, (18)
Since le = %gip,lgip = \/Lg%lg) Fg)p = Fgl + Slz;, and le = \/%7965/.;79 + (ln dj),l =
(In (¥y/=g)),;, we obtain
H* — {M — Fik = 7% (In (py/—g)) , CH (19)
Finally, we have obtained the equality
(V=g (H" — HY — F'")) | =0, (20)
where S} = ¢; = 37" = (InY) .
Since 1
and recalling that T = 5g;,19" = \/ig%lg, L, =T0+5p, and [ = ﬁagf’ +(ny), =

(In (¢v/=g)),;, We obtain

V= 50, = =g (VA + (0 (0v79)),,) - (22)

The difference L}, — %Sﬁl is a symmetric tensor and, following Eddington’s idea, we

can obtain 1 1
Ly — QSZl = ngZJl +

1

1
65M — 59ug"Jy, (23)

2
where we hypothesize 4" = J".
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4 The Weyl theory

The contracted Riemann tensor can be represented as the sum of a symmetric and an
antisymmetric tensor:
Rix = sik + ai, (24)

where the tensors s;; and a;; are functions of the connection.

The symmetric tensor s;; corresponds to the gravitational field (it can be understood
as a metric tensor), and the antisymmetric tensor a;, corresponds to the electromagnetic
field.

From these tensors and densities, we can compose the scalar density p and, applying
the variational principle to the Hamiltonian integral and taking into consideration that
the variations of the field vanish on the boundary of the variational domain, we obtain

/ (%55% + %5%) dvV = 0. (25)

Osix Oay,
Let f** be the density of the electromagnetic field and let us denote

dp & 0p ”
= L —_ = ’ 2
aSik g 8aik f ’ ( 6>

the tensor densities ¢**, f** are the densities of the gravitational and electromagnetic
fields.

By the variational principle, we obtain

nt

29" m — gnk;kéfn - gtk,kégz -

8fnk . aftk n
Pon ot — Fon o = 0. (27)

Next, we use a duality argument and obtain

/ (%@ik + %5 f““) dV =0, (28)
and oo op"
D% = Sik W = . (29)
The vector-valued function % is the electric current density, and g;z = s;x.

Conditions mean that the expression in brackets under the integral in is an
exact differential in the variables s;; and a;; similarly, states that the expression
under the integral in is an exact differential in the arguments ¢** and f*.

Conclusions

An amalgamation of these three aspects of the description of natural phenomena gives us
the possibility to obtain a comprehensive relativistic theory, which provides mathematical
apparatuses for the representation of physical understanding of physical phenomena of the
electromagnetic and gravitational fields from a single viewpoint and gives a possibility to
derive the electromagnetic and gravitational field equations as its special cases.
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