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Abstract

Here, we address the Hamiltonian setting underlying a special D = 8 collection of
topological BF models with the field spectrum consisting in a system forms of degree
zero, one, three, and four. All the necessary ingredients of a standard Hamiltonian
approach to degenerate systems are introduced in order to reveal the structure
and properties of the generating set of gauge symmetry specific to the Lagrangian
framework.

PACS: 11.10.Ef

1 Introduction

Topological field theories [I] are best known for their relationship to some interacting,
non-Abelian versions of the Poisson algebra [2] specific to a large variety of Poisson sigma
models [3]-[9], which, in turn, are very important for a consistent formulation of D = 2
gravity [10]-[20]. Meanwhile, pure D = 3 gravity is nothing but a topological BF the-
ory, while, concerning the higher dimensional case, General Relativity and supergravity
in Ashtekar formalism can be related to some topological BF models in the presence of
certain extra constraints [21]-[24]. In this context, BF theories on higher dimensional
spacetimes and their properties may be helpful at clarifying some key aspects of corre-
sponding gravity /supergravity theories.

This paper is devoted to the delicate problem of explaining the Hamiltonian origins
of the generating set of gauge symmetries used in the literature in connection to the
Lagrangian formulation of a finite collection of free, topological BF models with a non-
standard field spectrum, consisting in four sets of form fields with the form degree equal
to 0, 1, 3, and 4. This is done using the Hamiltonian approach to degenerate field
theories [25] in a complex framework, where the first- and second-class constraints are not
separated from the start and some of the first-class ones are reducible. The results exposed
here add to the previous ones obtained by the authors and related to various aspects
of single or several topological BF models emerging from a Lagrangian or Hamiltonian
approach [26]-[37] and, in addition, enlightens the Hamiltonian roots of our previous
findings [38] regarding the construction of consistent Lagrangian interactions that can be
added precisely to the above mentioned collection of free BF models.

*Corresponding author; e-mail address: solange.saliu@edu.ucv.ro
fe-mail address: cioroianu.eugen@ucv.ro

110


iu
Text Box
Physics AUC, vol. 35, 110-128 (2025)

iu
Text Box
PHYSICS AUC


Our paper is divided into introduction, nine main sections, and conclusions. Sec-
tion [2| briefly exposes the Lagrangian formulation for the considered, finite collection of
free topological BF models evolving on a Minkowski D = 8 space-time of ‘mostly pos-
itive’ signature and sets the problem to be investigated, while Section |3 introduces the
main conventions and notations related to the Hamiltonian approach. Next, the pri-
mary constraints and canonical Hamiltonian are constructed in Section 4| and then the
Dirac—Bergmann algorithm is applied in order to determine the secondary constraints of
this model. It is argued that the entire constraint set is not yet separated into its first-
and second-class constraint subsets and the separation procedure is effectively solved in
Section [0 after which the main properties of the equivalent formulation of the overall
constraint hypersurface are discussed in Section [/} The second-class constraint subset is
eliminated via passing to the strictly first-class hypersurface by means of the Dirac bracket
in Section [§], so a purely first-class model, equivalent to the initial one, is revealed. Then,
the extended and total Hamiltonian actions are constructed together with their specific
sets of gauge transformations in Sections [9] and [I0] finally leading to the searched for
generating set of gauge symmetries of the initial Lagrangian action.

2 Setting the problem

The Lagrangian setting of a free model describing a non-standard collection of BF models
in D = 8 relies on the action

S]%F [(DA] B /11%7 1 (H;Lamqba + HZW2M3H48[M1V:1M2M3M]) dSm
= / Lgr (94,0101 &, (1)
R7:1

with the space-time the 8-dimensional Minkowski manifold R”! (with a ‘mostly positive’
signature metric, diag(— + ---+)). The ‘non-standard’ designation refers to the presence
of a reduced field spectrum compared to the maximally allowed one, consisting in a finite
collection of (purely real) scalar—vector and three-form—four-form pairs {gba,Hﬁl} and
{V:fl“?”?’, H? } respectively

H1p2p3 4

A_ a a
7 = {¢a7 ‘/alllﬂ2l‘37 Hmuzusm’ Hm }a:ﬁ' (2>

The collection indices are symbolized by letters from the beginning of Latin alphabet,
a,bye,... = 1,A (A >2). In the notation [u ... u,) signifies full antisymmetry
with respect to the indices between brackets, where we consider only independent terms,
without normalization factors. It can be checked that a generating set of gauge symmetries
of action (1)) can be taken as

5Qa1 <I>A . {(5Qa1 ¢a = O, (59&1 VaM1M2M3 = 8[M1652M3],
Somi HY = =B, Som HY = —20°¢5, ). (3)

M1 4

with the gauge parameters (consisting of fully antisymmetric arbitrary fields on the chosen
D = 8 space-time) compactly denoted by

Q% = {651M27521m#5’ Zlm} . (4>

The main features of the above generating set of gauge symmetries is that it is purely
Abelian and off-shell reducible of order 6. Meanwhile, each sector of non-trivial gauge
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symmetries from is independently reducible, with the partial reducibility order 2, 3,
and respectively 6.

In a previous paper, [38], we constructed all consistent interactions that can be added
to (1) via a deformation method based on a cohomological approach within the antifield-
BRST framework. In this process, we also deformed the generating set , without
changing the field spectrum number or the underlying number of independent gauge
symmetries, into one specific to the interacting BF model. Consequently, we arrived at
the deformed Lagrangian action

Q A a 1 a 1 2
St [01] = [ 20" 0+ g (00000
A _
+§5M1muszab (¢) H35N6M7M8>:| d8(L‘ = /R7 ) £BF (CI)A, 8"(1)‘4) dgl‘ (5)

and the associated generating set of gauge symmetries

SQo‘l P4 - {59% bq =0, gﬂalvamuwa — a[megwﬂ — etz (gb) b

1 papig)
590‘1[—[31#2#3#4 - _5ap£gu1#2lt3#4’

< a a 1o aZbC (¢) b c

O HM1 = —20° o SAe” pST%HPr"m pipsps [ (6>

In the above, A stands for the coupling constant, Z,, (¢) represent a set of symmetric
functions depending on the undifferentiated BF scalar fields that parameterize the self-
interactions among the BF fields and are otherwise arbitrary

Zab (d)) = Zba (d)) ) (7)

and "8 is the ‘inverse’ of the standard D = 8 Levi-Civita symbol ¢,,...,,, defined via
€o1..7 = 1 plus full antisymmetry. The deformed generating set is endowed with a more
complex structure compared to the free version: its gauge algebra is open, some of the
reducibility functions are modified with respect to the free limit, the reducibility relations
partly hold only on-shell, and the partial reducibility order of the gauge transformations
of the 3-forms is raised by one unit (the overall reducibility order of the deformed set of
gauge symmetries is of course preserved with respect to the free limit).

Our main aim is to investigate the Hamiltonian formalism adapted to constrained field
theories in order to prove that indeed represents an appropriate generating set of gauge
symmetries of and, in this context, also reveal the origins of its properties. Indeed,
the deformation method employed in [38] guarantees that @ is a deformed generating
set of gauge symmetries of as long as plays the same role at the level of the free
action (1]}, so one still needs to determine a generating set of gauge symmetries of the
initial, uncoupled model.

3 Preliminaries

We adopt the following notations for the canonical momentum densities corresponding to
the (real) field spectrum in ([2))

HA = {pa7pzlu2u3’ P51“2H3“47P51}a:1,14 (8)
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and work only with the independent time versus space components of both fields and
momenta taking into account their antisymmetry (where appropriate), chosen as

Vmuzus - {VaOij7V(zijk}i,j,k=1, ? pZ1u2u3_>{pgij’pgjk}i,j,k:ﬁ’ (9)
7 PénuwaM N {Pgijk’p;'jkl} (10)

a a a
H#1#2u3#4 - {HOijk’Hijkl}i,ﬁk,l:lv

05,k 1=17"

The canonical momenta are defined in the standard fashion as the partial derivatives
of the Lagrangian density with respect to the time derivatives of the corresponding fields

p=—— (&4 0"0%). (11)

Since we work on the Minkowski space-time R™!, where the covariant and contravariant
time derivatives differ by a global (—1) factor, we need to set an additional convention in

()

PP = 900, (12)
such that (L1]) reads explicitly
OLBE  (pA AugA
g = ————— (97, 0"9") . 13
B= 9 (8°DB) ( ) ) (13)

Next, we need to introduce one more key element, namely, define either the kinetic
terms in the Hamiltonian density or the non-vanishing fundamental Poisson brackets
among the fields and canonical momenta since they are correlated via a matrix inversion
operation. We favor the kinetic term route and choose to take into account only the
independent field/momenta components @f with no normalization factors

Ve € RM G (9MLa) (2) = [(0°0a) p° + (8VEY) piyy + (V) i
+ (0°Hg,;p,) PY9* + (0°Hyy) PP + (0°HY) PY (). (14)

The previous choice fully determines the expression of the non-vanishing (equal-time)
fundamental Poisson brackets among the independent components of the fields and their
conjugated momenta in condensed DeWitt notations like

(@4, I15], = b3, (15)

where each discrete index now automatically includes a continuous one and 3 designates
the true projector on the subspace of tensor indices A and B

[(I)A (SC) >HB (y>:|t = 6267<X - Y>7 T = {tv X} Y= {tv y} : (16>

According to our choices and conventions, take the concrete form

(D08, = 00 [V, phal, = 000000, [V ], = g0lafalal, ()

3| a”l “m“n>
1 1
Imn asl smsn mn a n a v a sV
[ Oz]k7P0 } géb(s[iéj 5k]a [ z]kl?P pq] - 55#5 0 5p557 [HWPI;L - 5b6,u'
(18)

Now, we have at hand all major elements to develop the Hamiltonian analysis of the free
BF model.
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4 Primary constraints and canonical Hamiltonian

The canonical approach to the free BF model under investigation begins with the compu-
tation of momentum densities in via the former set of relations in based on the
Lagrangian density Lgp (94, 9#®*) in , which provides only primary constraints (no
time derivatives of the fields may be expressed from in terms of momentum densi-
ties and possibly their spatial derivatives since the rank of the Hessian density associated
with Lgp (CI)A, 8“<I>A) is equal to zero, so the free model under study is degenerate), whose
surface is defined by

Eprim : {Xa = P£> >~(a = pa - H(()la Xfljk = P(;(L)ijk7 )NC?]‘IC = p?jk - 4H(()lijk7 (19>

sz = Pév ij = pgijv szjkl = P(jjkl} ~ 07 (2())

where ‘~’ is the weak equality symbol, signifying equalities that hold on ¥, by contrast
to ‘=", which we keep for strong equalities (that take place everywhere on the phase-space).
The primary constraint surface is regular, being defined in this case only by independent
functions. The canonical Hamiltonian of this model is defined on ¥, in a standard
manner via the Legendre transform of the initial Lagrangian function

H, = / (DT ) (%) = Lo (@7 (8,%) 0" (2, )| dx (21)
R7 Zprim
Based on our convention and the expression of Lgp from , we infer
Hy =~ — / (HEO'¢q + 12V R HE, - + HE, 00 VIM) dx, (22)
R7

being understood that each term from the density Hamiltonian in the right-hand side of
(22) is taken at z = (¢,x) € R,

We associate Lagrange multiplier densities with all the primary constraint functions
(that define ¥im)

B B . B i

Xa = u, X" = ey XG> UG X = U (23)
i a a ij ijkl a

G, =i, G —=ul, GIT— vl (24)

For further convenience, we split the BF field /canonical momenta spectra ([2]) and
into two complementary, independent subsets

% = {Q)AO’(DAO} Lo = {V, fjklvH?}aer’q’Ao = {00, V" Hijuoo H3 } 5+
HA = {HA(NHAO} 7HA0 - {pgij7péjkla P;}a:m’HAO = {pa’p%k’Pgijk7 Pg}a:mu (26>

such that the non-vanishing fundamental Poisson brackets are fully decoupled between
them, meaning that

(B4, T, ], = 672, [@AO, HBOL = 5k, (27)

while .
[(I)A()’ HBOL =0= |:(I)A07 HBoi|t : (28)

Consequently, we can express Ypim and H; as
Sprim {XAO =115, — /i ((I)Bo> . G, = HAO} ~0, (29)
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H =~ —/ PAG ([@BO} ) dx = | H(t,x)dx (30)
R7 1 R7
and rewrite the Lagrange multipliers and in a compact manner like
XA, — uo, Gy, — v, (31)

The notation f}zig <¢é°> signify some functions that are linear in the fields @BO, while

[CDBO} means a (local) dependence of ®5° and their spatial first-order derivatives 9'®5°.

All Lagrange multipliers are at present independent of the fields and canonical momen-
tum densities (so their Poisson brackets with all these variables strongly vanish), being
viewed as some extra fields defined on the space-time manifold R, all real-valued and
inheriting the antisymmetry properties of the corresponding primary constraint functions
wherever applicable. Their role here is to (locally) instate the invertibility of the Legen-
dre transformation between the space (@4 (z),8°®* (z)) and the surface Xy, embedded

now in (@A (), T4 (), u (z) , 00 (x)).
The Hamiltonian dynamics (equations of motion) of this model follows from the vari-
ational principle

) {/ (Ci)AHA—”H—uBOXBO —UBOGBO> dgx] =0
R7.1
and can be written as (again in DeWitt condensed notations)

F = [F,H], +uP [F,xg,], +v™ [F,Gg,,. (32)

with F' an arbitrary function of the canonical fields/momenta. Explicitly, is nothing
but

PPt = [ (1P 1O 0% 0y [F ), (3)]
R (L) F (1,%), G (1, )]) dy. (33)

5 Dirac-Bergmann algorithm

Next, we apply the Dirac-Bergmann algorithm in order to generate all the other con-
straints to which the free model under investigation might be subject.

In the first step of this algorithm we ask that the primary constraints are preserved
in time, so we use and successively replace I’ with every primary constraint function
in ([29)), asking that .

XAO ~0, Ga, =0, (34>

which gives a set of equations known as the consistency conditions related to the primary
constraints. Based on , after some simple computation we find that the previous
consistency conditions lead to two different outcomes. Thus, the former subset in (34))
fixes all the Lagrange multiplier densities u“° to

A . a ~ m Iya ~ a A~ m rya
u® : {u ~ —0"HE, U, =0, ugs = —O0™Hp ks

TEARSRTACES (35)
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where we used the notation f* (z) = df (x) /0z), (in our case f* (x) = fi (x) due to the
chosen positively defined metric in the spatial index sector). By contrast, the latter set of
consistency conditions from (34]) generates a new set of constraints, independent of ,
known as the secondary constraints of the analyzed model

See : Gag ([@Bo]l) - {G =0'¢,, GL=120"HY, ., GM= a[l‘vg'f”} ~0, (36)

where the functions G 4, are precisely those present in the canonical Hamiltonian 1}
Although we use the same generic weak equality symbol in both and , it is
obvious that G 4, are not vanishing on Xy,. This unified notation emphasizes that
at each x € R™! the model under consideration exhibits now a constraint hypersurface
Ltotal = Lprim [ 2sec, defined by and .

These different outcomes related to the two subsets of consistency conditions are due
to the complementary properties of the primary constraint subsets that define : while
X i, are second-class

0 & 0 0
—5* 0 0 0
Cavio = i X = | o o 0 4 goglish gt | (37)
AT V) a =g ok
0 0 —Z4ops 86, 0

G 4, are first-class and Abelian

(G ag GBo]t = [GAm XBOL =0. (38)

In (37) and we kept the original order of constraint functions, provided in ((19) and
. The presence of the global factor 7 (x — y) in the right-hand side is understood
in view of condensed DeWitt notations.

Due to the appearance of secondary constraints, the Dirac-Bergmann algorithm un-
folds a second step, where we require the consistency of

Cia, ~ 0. (39)

We cannot stress enough that G, in is still of the form in the sense that no
supplementary Lagrange multipliers are added with respect to , but, subsequently to
the necessary computation, we replace the Lagrange multipliers corresponding to x 5, with
their expressions fixed in the first step (namely, (35) with Ay — BO). In this manner,
we arrive at

i .a - ijikl

G, ~ 0 0, ~0, G;~0e 120", ~0, G, ~0« " ~0 (40)
and observe that all these conditions are identically satisfied on the solutions . As a
consequence, the Dirac—Bergmann stops after its second step and brings no new informa-
tion compared to the first step (no new constraints emerged and no additional Lagrange
multipliers were fixed).

This conclusion seems counterintuitive at the first sight since signalize that there

are some non-vanishing Poisson brackets among the secondary constraint functions G Ao
and the primary constraint functions x g , namely,

0 00! 0 0
[(;AO, X BO} — o o —2s0slsm 0 , (41)
" \o o 0 Lsvolisi ok sl
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so we expect that G 4, 1nclude some second-class constraints that extend the primary ones,
Xi,- We omitted again the global factor 4" (x —y) on which the right-hand side of
acts, but it must be taken into consideration when various computations are performed.
On the other hand, no other Lagrange multipliers (i.e., among v?°) are being fixed since
the Poisson brackets between G 4, and Gp, vanish strongly (they involve only variables
that are not canonically conjugated ones to the others)

] = [ ([8°]) ma] =0 @

Moreover, are identically satisfied on the initial solutions , but G A, and X
are not cross-reducible (x g, are independent among themselves and with respect to Ga,,
while G 4, are indeed reducible, but only among themselves).

6 Separation of constraints into first- and second-
class subsets

The eccentric situation exposed in the final part of the previous section is explained by
a less common aspect of degenerate theories, namely, that the entire set of constraints
(primary and secondary) is not yet fully separated into its first- and second-class coun-
terparts.

More precisely, due to and (their Poisson brackets with all the constraint
functions from Y., N Mg vanish strongly), it is obvious that the primary constraints
G 4, are already separated, being purely first-class with respect to all the constraints from
the theory, namely and . Therefore, we only need to perform the separation

procedure with respect to the constraint subset { XAy G Ao} ~ 0. On behalf of results
and completed with the obvious ones

ot = [n (o)) 0n (W) =0

we find that the matrix of the Poisson brackets among the constraint functions {X Ay G Ao}

reads
[szlo’ XBOL |:Xx‘~10’ GBOi| t o
|:GA0= XBOi| . |:GA07 éBoi| .
0o & 0 0 0 0 0
—5 0 0 0 — g 0 0
0 o0 0 aseolisior o 20b8lis) op) 0
0 0 —40p8"0rey 0 0 0 —Logayarertsl |
0 &0 0 0 0 0 0
0 0 259" 5" 0 0 0 0
0 0 0 Lovalisi oka) 0 0 0

(44)

where the global factor §7 (x — y) in the right-hand side of the above formula is under-
stood. The previous matrix (in general restricted to the entire constraint surface, but
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this is irrelevant here due to the functional linearity of all constraint functions in the
canonical variables, which implies that all its elements are independent of the canonical
variables) possesses a set of non-trivial null vectors (its rank is locally equal to the number
of independent components of x 3 )

[XAvXB} [X;“GB] AP 0
[GA(:):XBZ]Z [G AZGBZ]Z (A@g) B (0) (45)

(again in DeWitt notations), provided by

—8bom 0 0
0 0 0
B 0 0 — Labol™ o or on
( go> - o  —lxaer. 0 . (46)
AGy gosm 0 0
0 Lacotnar) 0
0 0 Lovom or' ov' 5q)

In turn, this set of null vectors generates the true first-class constraint subset of the
model under study among {xp,, G BO}, of course without affecting the overall surface

(defined by (19), (20), and (36)), via
~ ~ . ~ )\EO
Gay = Gy = (Xéo GBO) )\58 ) (47)
0
such that only the secondary constraints are modified. Making the remaining com-

putations in via (where we make the replacement Cy, z — Ap, x), we finally
determine the searched for first-class constraint subset

Gay = Gy {GE=Gl— X0 = 0 (00— PY), Gl = Gl + 307K, (48)
— 3ampa ’ G/z]kl Gzykl a[l Jkl — (V[ijkal] _ EPO[ijk,l]> } ~ 0 (49)
mijo - a 4@ '

Naturally, the primary ones keep their initial expressions, namely, and .

Thus, we managed to construct an equivalent description of the full constraint hyper-
surface Yiora in terms of some (now) fully separated first- and respectively second-class
sectors

Etotal : {Xa — PB; )2& = pa - Hg’, szjk = Pz?ijk7 )al]k = p?yk 4 07,]k7 (5())
G, =P, G4=pg,, GM=pM (51)

01]7
~ . ) ~ o . 1 .
= (% < P2), Gl =307 G = (Vi - ZPS[”’”])} ~0. (52

We notice that and ( . depend now, via the former relations in (| and also
on some hnear comblnatlons of the spatial derivatives of both fields <I>CO and their
conjugated momentum densities I , by contrast to the initial constraint functions G Ao

which involved only the fields ®% . Written alternatively, in terms of the complementary
field/momentum spectra and , the overall constraint hypersurface equations are
expressed like

Etotal : {XAO = HAO — 112;2 ((I)éo> 7GA0 = HAO7 ~/ = lln (amq)Co amH )} ~ 0. (53>
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7 Properties of constraints. First-class Hamiltonian

Let us take a closer look at the properties of constraints that characterize the D = 8
free BF model under study. On the one hand, the subset defined by x ;, = 0 is second-
class and irreducible since the matrix of their Poisson brackets, given in , is invertible,
with the elements of the inverse provided by

0 -6 0 0

o c 0 0 0
CB()CO — b i il k! , 54
0 0 [9 » — Lol 50 5] (54)

0 0 5050000 0

where the global factor §7 (y — z) in the right-hand side of the previous formula is under-
stood. On the other hand, the subset defined by G4, ~ 0 and G’ = 0 is first-class and
Abelian since

Gy, Gl = [GAm NBOL = [~i40> ~390]t =0, (55)
(G Xao), = [Gags X = 0. (56)

We stress that in general the Poisson bracket between an arbitrary first- and any second-
class constraint function does not need to vanish strongly, but weakly, on the entire
constraint hypersurface (of both first- and second-class constraints), while the Poisson
bracket between any two first-class constraint functions also vanishes weakly, but strictly
on the first-class constraint hypersurface.

It is also important to mention that G4, ~ 0 are irreducible, while C:’f% ~ 0 are
off-shell reducible of order 6. The reducibility relations are completely separated among
the three first-class constraint function sets in , being expressed in terms of three
independent relation towers, whose right-hand sides vanish strongly (hold off-shell) at
each order strictly higher than one (the reducibility relations of order one involve the
first-class constraint functions themselves). In more detail, the subset G is reducible of
maximum order, equal to 6, é;? displays the lowest partial reducibility order, equal to 2,
while ég‘jkl exhibits a partial reducibility order equal to 3. The off-shell feature of the
reducibility relations associated with the first-class constraint functions is again a mark
of the absence of self-interactions.

In view of the subsequent analysis, we need the first-order reducibility functions Z 'A(j41
corresponding to G;xo (written also in DeWitt notations), involved in the first-order re-
ducibility relations éf% Z’AOAI =0

opopray 0 0
2%, = o  —o5volisl 0 : (57)
0 0 Lop0y"orat oo,

Another key ingredient of the Hamiltonian approach to degenerate first-class theories
is the construction of a first-class Hamiltonian (a first-class function with respect to all the
constraint functions of the theory, whose initial piece is precisely the canonical Hamilto-
nian), H'. It is interesting to notice that we already have at hand all the elements required
for its structure. Indeed, during the first step of the Dirac-Bergmann algorithm we fixed
all the Lagrange multiplier densities u° corresponding to the second-class constraints
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X4, = 0 (see ) Since there are no further second-class constraints in the theory, it is
easy to see that a possible choice is

H/ = H, + / utoxg, (e, @) . (58)
R7
Indeed, using and , we find that can be expressed like

~ . . 17 ~ i 1 ‘ '
R7

(59)
By means of and it follows that
H = - /R (HrGr 4 VGl - H G dx, (60)

which can be finally rendered in a compact manner in terms of G’AO and the various
field/momenta subsets from and as

H =— /R 7 PG, (amnéo, am@%) dx. (61)
Now, taking into account , we directly infer that

0%, x5, (Mg, @) | =0, [0%,Gp,], = [0, 115,], = o7, (62)

t

[@AO, G (amnéo, a’”@@O)]t —0, (63)

which further combined with the relations from 1) and that involve C?’AO allow us
to write that

[H' Xg,), =0, [H.Gi), = —G,  [H.Gy] =0, (64)

so H] may indeed be taken as a first-class Hamiltonian with respect to the full constraint

set .

8 Elimination of second-class constraints. Dirac bracket

Once we separated the entire constraint set of the free BF model into its true first- and
second-class subsets, we can eliminate the second-class constraints from the theory via
substituting the weak equality with the strong one in

X, = {Xa» X% XF* X8u} =0, (65)
which is equivalent to
PY=0, p*=Hg, PY*=0, pf=4HG . (66)

In this way, we pass from the initial phase-space to the reduced one, (locally) parameter-
ized, according to our choice , by

{¢a7 ‘/:10”7 V:lijka H(()lijkv H@'ajkla H(O)La Hiaapgijv P;jklv P;} : (67>
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The induced bracket on the reduced phase-space is nothing but the bracket induced on
the second-class constraint surface, which is precisely the Dirac bracket associated with
the second-class constraints (also in DeWitt notations)

[Fv G]t|XA0:0 = [F7 G]: = [Fv G]t - [F’ XAULCAOBO [Xéo’ GL’ (68)

with C40Bo the inverse of the matrix of the Poisson brackets among the second-class

constraints, , provided in . Systematically applying , we generate the non-
vanishing Dirac brackets among the reduced phase-space variables (]@ in the form

[¢a> H(l))}: = 5b [‘/CLOZ]7pOmn:| [Va02]7 Omn] 2(5251;57]1]7 (69)
[szk Hgmnp}* 4'525%6%55 ) [qujkl’ Pl;mnpq}t - [Hl{ljkb Pl;mnpq}t (7())
— Lopapaagey, HE B = HY B, = 607 (1)

The elimination of second-class constraints leaves us with a purely first-class BF model
(in the Dirac bracket) obtained from and where we set

Eﬁrst : {GA()7 GAO} ~ 07 (72>
Ga : {GL=P., G} =py;, GIM=pi} (73)
Y o Gay i {Gi= 00, Gy=1200HG,, GIM =V (7

There is no surprise that and are reverted to the initial primary and secondary
constraints of the free model under consideration, and , respectively. Indeed, the
functions G4, do not depend on any of the fields/momentum densities involved in the
XA, S, while reduce to (36) via setting in and . Along the same line,
the first-class Hamiltonian (61]) is also reverted to the original canonical Hamiltonian
due to its alternative expression including the second-class constraint functions x 4,

H — H, = — / PAG , dx = — / (H{O' ¢ + 12V90RHG,, . + wklahw’f”)dx (75)
R7 R7

Nevertheless, the main difference between the initial setting, with the second-class
constraints unsolved, and the present one is that and are all true first-class
functions with respect to the Dirac bracket . This is automatically enforced by the
well-known property of the Dirac bracket according to which any first-class function with
respect to a given constraint set in the Poisson bracket remains so after passing to the
Dirac one. More precisely, the first-class constraint set remains Abelian with respect
to the Dirac bracket

(G ay, Gyl =0, [GAO, C:BOE 0, [CZ*AO, G*BO]: _0, (76)

with G4, irreducible and G 4, off-shell reducible of order 6. The first-order reducibility
functions corresponding to the latter constraint set in are still given by

sealms™ o 0
~ 7 Ay 7Ao 1Ay _— - b ali ¢l
GAOZ Al — 0, Z Al — Z Al = O —6aaz5m O . (77)
0 0 Lopay" 6000570,

121



The first-order behavior of with respect to the overall constraint set is stipulated
within the next formulas

[H,G A = —Gay, [H,@AO] —0. (78)

t

Although in general the distinction between primary and secondary constraints may
be lost in the process of eliminating the second-class subset, especially when a separation
process into first- and second-class constraint subsets is previously required and implies a
mixing among primary and secondary ones, this is not the case here. Indeed, on the one
hand G4, ~ 0 were not affected by the separation procedure and were deduced using only
the definitions of canonical momentum densities (see the beginning of Section [4)) and not
the equations of motion, so we can correctly still view them as the primary (first-class)
constraints of the free BF model under study on the reduced phase-space. On the other
hand G 4, ~ 0 were initially obtained precisely in the first step of the Dirac-Bergmann
algorithm, which is entirely based on the Hamiltonian equations of motion for constrained
dynamical systems, so they were by construction secondary constraints. Nevertheless,
they passed through a separation procedure and were replaced by some combinations
~f40 among G A, and the primary second-class constraint functions x 5, (see Section @

The key point is that on the reduced phase-space they gain the initial expressions G 4, that
used the Hamiltonian equations of motion since the separation process did not require the
addition of terms depending on the primary first-class constraints G 4,. In this light, we
are entitled to regard G4, ~ 0 as the secondary (first-class) constraints of the uncoupled
BF model on the reduced phase-space. This discussion is important in view of the next
two sections, where we tackle the gauge symmetries of the BF model by passing from the
Hamiltonian to the Lagrangian setting.

9 Extended action and its gauge symmetries

We are now in the position to determine all the relevant gauge symmetries of the free BF
model under consideration. Indeed, it is precisely the presence of first-class constraints
at the Hamiltonian level that generates the true gauge symmetries of any Lagrangian
action. Strictly speaking, it is the Hamiltonian formalism based on the primary first-class
constraint set (known as the total formalism) that is equivalent to the Lagrangian one.
Still, this would deny the gauge symmetries due to the presence of secondary first-class
constraints since, according to the Dirac conjecture, every first-class constraint (primary
or secondary) induces gauge symmetries. In view of this, one needs in a first step a
larger setting, known as the extended Hamiltonian formalism, where all the gauge trans-
formations of canonical variables are taken into account, irrespective of the primary or
secondary character of the generating first-class constraint function. Still, the equivalence
between the Hamiltonian and the Lagrangian formulations is not lost, being restored in
the second step, where we pass from the extended to the total Hamiltonian formalism,
which further enables the correct passing to the Lagrangian one. The key point is that
in this process all the gauge symmetries are unfolded at the Lagrangian level, including
those that originate in the presence of secondary first-class constraints.

Special attention should be paid in our case to the adaptation of standard extended
and total formalisms since we eliminated the second-class constraints and passed to the
reduced phase-space endowed with the induced bracket (Dirac) instead of the original
(Poisson) one. Actually, we are now in the position to develop an extended formalism
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with fewer variables, where the second-class constraints were solved inside the extended
action. As a consequence, the kinetic terms in the extended action are no longer given by
, but must be replaced with the ones specific to the reduced phase-space, that may

be read from —

Kinred = ¢, Hy + V.V ph, + AVIRHE, . + HE, PIOM + HEPL, (79)

where we maintain our initial convention F' (z) = 0°F (z).

Due to the fact that in the second step we need to eliminate the reference to the
secondary first-class constraints, we recall the discussion from the end of the previous
section and add an extra index (1) to all quantities related to the primary first-class
constraints and an additional index (2) in relation to all ingredients connected to the
secondary ones, also redenoting the constraints in this process:

{GAWGAO} ~0— {G(l)AoaG(Z)AO} %0, (80)
Gaya, = {Gél) = Péa ((11)7;3' = pgz’j? Gg])fi = Péjkl} ) (81)
Gya, = {G"@a =0'¢a, Gl = 120°Hgy,;, G, = 0" V;‘k”}. (82)

A major ingredient of the extended formalism is the introduction of Lagrange multiplier
(densities) with respect to all the first-class constraints

L (Va pe

)

G(l)AO ~0— U(l)AO = U(l)zj s G(Q)AO ~0— U(Q)AO = (2)” . (83)
1)a 2)a
o )ijkl “( )ijkl

They are some arbitrary extra fields (real in our case and fully antisymmetric in their
spatial Lorentz indices, where appropriate) defined on R”! that extend the reduced phase-
space and bring no contribution to the kinetic term (their Dirac brackets with all the
reduced phase-space variables are strongly vanishing). The extended Hamiltonian density
is nothing but the sum between the density of the first-class Hamiltonian and the
linear combination of first-class constraint functions with the Lagrange multipliers as
coefficients

%E = H—I—U(I)AOG(l)AO + U(2)AOG(2)AO. (84)

Combining with and taking into account formulas , , and , we

arrive at the extended action of our free BF model as

E 0ij 1/ijk a a a ,a ijkl pi ., (1)Ao0 ,,(2)A0] _—
F[¢a7va 7Va » +10i5k> zykl7H07Hz7pOij7Pa ’va U }_

/R . (Kinred — Hg) d®z = /R ., (@H&l + VYps + AVIRHE 4

HE P 4 HYPE 4 HO' 6, + 12V°“8’“ ki + Hijpa 0" VI

_U( )’L P(; - (1)(21]p02] (1)Zklpwkl '82¢a
12050 iy — v, V) i (85)

Regarding its gauge symmetries, we need to construct on the one hand the gauge
transformations of the reduced phase-space variables and on the other hand those of the
Lagrange multiplier densities. Related to the former, these are some local transformations
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generated by every first-class constraint functions (primary and secondary) via the Dirac
bracket in terms of some arbitrary parameters (known as the gauge parameters)

0F = [F,Gyap), €0 + [F,G)a,); €27, (86)

with F' a function defined on the reduced phase-space. In our case, the gauge parameters

sets €40 and 4o respectively corresponding to the primary and secondary first-class
constraints exhibit a multi-component structure, similar to and

(1)a (2)a

e’ e

WA — 6(1)Zj 7 (240 — E(Z)Zj 7 (87)
(Da (2)a
€ ikl € ikl

being some arbitrary real fields on R”! (antisymmetric where appropriate). After some
computation, provides the searched for gauge transformations of the extended action
in the reduced phase-space sector under the form

5e¢a = 07 56‘/:10ij = E(l)fzja (56Vaijk = _a[iE(Q)ik}’ 5€Hgijk = 816(2)?2’3’1@’ (88)
S Hy = V5, 6.Hy = 07, 5. He = eV 5P =0, 55, =0, 6.Pi=0. (89)

7))

Concerning the gauge transformations of the Lagrange multiplier densities, we first
need to recall the properties of the first-class constraint functions and of the first-class
Hamiltonian and, in this context, add some new elements:

e all the constraints are purely Abelian (see ([76))

[Gyae Gyl =0, [Gyag, Gon], =0, [Gyag: Goyn], =0; (90)

e the concrete relations expressing the first-class property of Hy, take a matrix
form in terms of the new notations

. . V(l)AO V(l)AO
(1.Gon; 1.Gam]}) = e ) (VU V). )

(1)Bo (2)Bo

(Ao _ (DA _ (2)40 _
‘/v(l)BOO - 0’ VV(Z)BOO - 07 ‘/(Q)BOU - 0’ (92)
(2)am (2)adb (2)amnpq
(24 V(<12)>i'l} V@f% V(<12)>i'l} -
0 — ym 7 1)mn;
o = | T,
am a amnpq
V(l)ijklb V(l)z‘jklmn V(l)ijklb
—g5esm 0 0
15bsi
e 0 —5525[m5n] [0 ] ) (93)
0 0 — 5006, 076,0]

e the first-class constraints are reducible (see ), with the first-order reducibility
relations and respectively functions written in a matrix form in terms of notations

like

Zﬁgl)AO
(G(l)Ao G(Q)Ao) Z(2])A0 =0, (94)
Ay
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5aa[m5"] 0 0

B [y 71 o
ZI(AI)AO —0, ZAEi)AO = ZAOA1 — 0 _528;1573_’]1 0 ; (95)
0 0 %553%5;5;?5,3551

e for every reducibility relation in (94) we add an extra gauge parameter, arriving
thus to an entire new set (again defined on R”! and antisymmetric in their spatial
Lorentz indices wherever appropriate) of gauge parameters, denoted by

eh=| & |, (96)
whose presence is essential in establishing later both the spacetime locality and the

Lorentz covariance of the Lagrangian formulation of the analyzed model.

We have now at hand all the necessary ingredients necessary at expressing the gauge
transformations of the Lagrange multiplier densities in a compact, matrix form (in
DeWitt condensed notations)

) (1A (1)A 1)A
() - () - (S V) (o) - ()
0 - 0 0 0 0 0
0cv € V(1)BO V(Q)BO € ZA1
Using the previous relations 7, performing the necessary computations, and re-
verting to the initial notation from convention (12}), we finally infer

(561)(1)? = 606(1)?, (5 'U U = 80 561}( igkl = 80 (I)Zkl’ (98>
s = e ey g jz, 5@ = @i 4 (Vi 4 glich - (99)
5671(2)?%1 = 0 (Z)Zkl + E(l)ijkl + 50" € (100)

In conclusion, for a special D = 8 free BF model we generated the extended Hamilto-
nian action and computed its gauge symmetries, , , and f. Although
not yet equivalent with the starting Lagrangian formulation, this setting reveals the com-
plete set of Hamiltonian gauge symmetries, including those induced by the secondary
first-class constraints and their associated reducibility.

10 Total and Lagrangian actions and their gauge sym-
metries

The next step is focused on the total action, which is obtained from the extended one
via setting zero all the Lagrange multipliers associated with the secondary first-class
constraints

P4 = (101)

and whose gauge symmetries follow from those of the extended action where we implement
(101]) together with their direct consequences

€Mid — _g02)ii _ pligi),

€jis

b @b =0 e {r = o0~ opiey
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Da 2)a m~a
E( )mkl _60 @ ijkl 50 mzjkl} : (102>

Enforcing the previous relations in and , 89) together with , we generate
the total action

SgF [¢a7 VaOij7 Vaijk7 Hgijk? Hiajklv Hg7 Ha7p02j7 Pl]kl P’L (o :| =
/ﬂv 1 (Q'baHg + VaOijpgij + 4Vafij ijk T

(PR + HEP) + H O ¢ + 12VITONHE, o+ HEy, OV VM)

zgk
z‘PfL - (1)?190” (l)j]k:lpwkl> d*x (103)
as well as its gauge symmetries
Seb =0, 8,V = 0 _ gligil s yidk — _glickl Owk =0y, (104)
SHy, =~ —5omee, , 6Hg = 0'e®, 6. HE =~ —299€, (105)
S P =0, by =0, 6Pf = 0, 00 = =00 (9P 4 28163?2-) . (106)
S = — g0 (0% 4 gl | 5V = —o° (ao G+ 587”%;3@,61) . (107)

The total action is completely equivalent to the Lagrangian one, (1)), since the remain-
ing momentum and Lagrange multiplier densities in (103)) are auxiliary variables, that
may be eliminated (algebraically) on their own equations of motion

(1)? _ aOHZgz’ U(l)éj _ 80‘/(1017" oM = —9° ijl’ (108)
Pi=0, pg; =0 PM=0 (109)

and, consequently, (103)) where we replace (108) and (109) reduces to ([I)). Accordingly,
the gauge symmetries of the Lagrangian action itself follow from (104]) and ([105)) where

in principle one uses and , but this is not necessary here since the gauge
transformations of the fields do not depend on either the momentum or the Lagrange
multiplier densities.

This set of gauge transformations of the Lagrangian action of the special D = 8
collection of free BF models, coming from the Hamiltonian analysis, is by construction a
generating set of gauge symmetries of S5 [@A} . It can be easily brought to the manifestly
covariant form via some simple rearrangements of the various gauge parameters present
in (104) and (105) into the independent components of some arbitrary real tensors as in

#)

v % ~z i' % 1 a ~a ~a
er {60 =€, =— 3} I {gm = 56(2)i b= ei]} , (110)

a 1 2)a a ~a
5)\#1/,00 : {§Oz]kl - 56( )Uklv fijklm = 6ijklm} : (111>

We now observe that, if we had ignored the gauge transformations induced by the first-
order reducibility relations, independent of those resulting from the presence of the first-
class constraints, we would not have been able to obtain a covariant form of the gauge
transformations of the Lagrangian action. Also, if we directly considered the total action
within the Hamiltonian formulation, without taking into account the gauge transforma-
tions generated by the secondary first-class constraints of the analyzed model, we would
have destroyed both the Lorentz covariance and the spacetime locality at the Lagrangian
level.
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11 Conclusions

The main conclusion of this work is that the construction of consistent Lagrangian inter-
actions in gauge field theories, in particular in a special class of D = 8 topological BF
models via, for instance, the deformation method based on the antifield-BRST method,
still needs a careful investigation of the Hamiltonian roots of the initial Lagrangian formu-
lation. Indeed, it is only in this fundamental context that the main geometric properties
of the meaningful Lagrangian quantities, such as the allowed generating sets of gauge
symmetries of the Lagrangian action, are revealed.
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