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Abstract 
This work is an effort in reconciliation of the theory of General Relativity with the 
laws of Quantum phenomena. A proton is a composite form of most fundamental 
particles called quarks and gluons. Confinement of those most fundamental 
particles at the core of a proton is the cause of stability of the particle. Some 
publications point out that proton is one kind of Gaussian Wave Packet and with 
the help of quantum chromo dynamics (QCD) pressure and energy density 
distribution inside a proton can be depicted. However, inside a static proton what 
should be the nature of space time geometry or gravity is tried to be found out in 
this work.   
  
Keywords: Gaussian Wave Packet, Schwarzschild’s solution, form factor, space 
time geometry. 

 
1. Introduction

A set of Gaussian One Particle Wave Packet [1-3]at initial time 𝑡 ൌ 0 is considered as a 
perfect fluid droplet which shows spherical symmetry. Total energy of a particle is distributed 
throughout the wave packet. Physical properties of a particle like GWP are characterized by 
quantum mechanical treatment. But general relativity is a satisfactory theory of gravitation 
for a massive object. The static spherically symmetric solution of Schwarzschild representing 
the gravitational field surrounding a spherically symmetric object of Mass 𝑀 has an 
important role in understanding the nature of gravity. A massive object is a collective form of 
a huge number of atomic nuclei (i.e. proton and neutron) and a proton may be considered as a 
Gaussian wave packet [4]. Therefore, properties of gravity of an extended object or massive 
object are rooted in GWP. But, reconciliation of general relativity with the laws of quantum 
physics or with QCD remains a problem. The recent publications on pressure distribution and 
energy density distribution inside a proton [5-8] may open up a new area of research on the 
fundamental gravitational properties of protons and neutrons.  
In this work, a trial has been made to show how, general relativistic view of gravity may be 
introverted inside a proton. 
 

2. Energy Density and Pressure Distribution Inside a Proton 

A single fundamental particle is considered as a kind of Gaussian Wave Packet whereas 
proton is a composite fundamental particle which may be presented by a Gaussian Wave 
Function [4]: 
 

𝜓ሺ𝑟ሻ ൌ ሺ2𝜋𝑅
ଶ/3ሻିଷ/ସ𝑒ି ሺଷ/ସோು

మ ሻ మ
or,   𝜓ሺ𝑟ሻ ൌ 𝐴𝑒ି  మ

 
 
where, 𝑅 is rms radius of the localized proton probability distribution, 𝐴 ൌ ሺ2𝜋𝑅

ଶ/3ሻିଷ/ସ 
and 𝐵 ൌ ሺ3/4𝑅

ଶሻ. Now, position probability density (𝜓∗𝜓 ൌ 𝐴ଶ𝑒ିଶ మ
ሻ for a proton 
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obtained from the above equation implies that at 𝑟 ൌ 0, position probability density of a 
Gaussian Wave Packet is maximum and that is zero at 𝑟 ൌ ∞. This picture gives a description 
that particle is not confined in a fixed width rather, widespread from 𝑟 ൌ 0  to 𝑟 ൌ ∞  
followed by the position probability density distribution. This means that Energy of a particle 
is distributed from 𝑟 ൌ 0  to 𝑟 ൌ ∞  followed by the position probability density distribution. 
Now, the possible definition of energy density is [9]  
 

 𝜌ாሺ𝑟ሻ ൌ ଵ

ଶ
ሺ𝜓∗𝐻𝜓+𝜓𝐻𝜓∗)    or,     𝜌ாሺ𝑟ሻ ൌ ћ మ

ଶఓ
ሺ∇𝜓∗ሻ. ሺ∇𝜓ሻ  𝜓∗𝑉ሺ𝑟ሻ𝜓 

 
It is expressly clear that  𝜌ாሺ𝑟ሻ in the above equations have two factors for Gaussian Wave 
Packet, one is non exponential part and other is exponential part. For Gaussian wave form of 
proton the exponential factor is  𝑒ି ଶ మ

. So, one may read 
 

                                                      𝜌ாሺ𝑟ሻ ൌ 𝜌
ா𝑒ି ଶ మ

                        
(1) 

 
where, at  𝑟 ൌ 0 ,  𝜌ாሺ𝑟ሻ ൌ 𝜌

ா which is non exponential part as said above. However, works 
related to pressure and energy density distribution inside a proton [5-8] and Gaussian wave 
form of proton [4] are very relevant to this work and we are interested to introduce general 
relativity to depict the gravity inside a linearly static proton. 
 
With the help of QCD, a picture of total energy density inside a proton is given by [6] 
 

𝑇ሺ𝑟ሻ ൌ 𝑚 න
𝑑ଷ∆

ሺ2𝜋ሻଷ  𝑒ି  𝒓∆ ሾ𝐴ሺ𝑡ሻ െ
𝑡

4𝑚ଶ ሼ𝐴ሺ𝑡ሻ െ 2𝐽ሺ𝑡ሻ  𝐷ሺ𝑡ሻሽሿ   

 
where, in Breit frame, 𝑡 represents total momentum transferred as discussed in [5-8]  and it is 
linked with a term ∆ as െ∆ଶൌ 𝑡 and  ∆ൌ ሺ0, ∆ ሻ. 𝐴ሺ𝑡ሻ ,  𝐽ሺ𝑡ሻ and 𝐷ሺ𝑡ሻ are three form factors 
contributed by quark and gluons [6]. The energy density is the function of 𝑟;  it is 
independent of polarization and normalized as  𝑑ଷ𝑟  𝑇ሺ𝑟ሻ ൌ 𝑚 . The shear forces 𝑠ሺ𝑟ሻ and 
pressure𝑝ሺ𝑟ሻ can be computed from 𝐷ሺ𝑡ሻ as follows [6]:  
 

𝑠ሺ𝑟ሻ ൌ െ ଵ

ସ 
𝑟 ௗ

ௗ
 ଵ





ௗ
 𝐷ሺ𝑟ሻ,  𝑝ሺ𝑟ሻ ൌ  ଵ

 
 ଵ

మ

ௗ

ௗ
  𝑟ଶ 

ௗ
 𝐷ሺ𝑟ሻ 

where, 𝐷ሺ𝑟ሻ ൌ 
ௗయ∆

ሺଶగሻయ  𝑒ି  ∆ 𝒓 𝐷ሺെ∆𝟐ሻ.  

 
Now, computation of energy density and pressure physically from this picture and direct use 
of its in Gaussian wave packet to solve Einstein’s field equation is very difficulties. So, we 
are interested in finding an alternating way to derive energy density and pressure distribution 
function inside a proton.  
If, the form factors 𝐴ሺ𝑡ሻ and 𝐷ሺ𝑡ሻ are known, then the energy density and pressure in the 
nucleon centre can be computed directly as [6]  
 

𝑇ሺ0ሻ ൌ    𝜌 ൌ 

ସగమ  𝑑𝑡√െ𝑡


ି∞  ሾ𝐴ሺ𝑡ሻ െ ௧

ସమ 𝐷ሺ𝑡ሻሿ                                         (2A) 

 

 𝑝ሺ0ሻ ൌ   𝑝 ൌ ଵ

ଶସగమ 
 𝑑𝑡√െ𝑡


ି∞   𝑡𝐷ሺ𝑡ሻ                                                       (2B) 

 



231 
 

Now, with the help of (1) and (2A) we obtain energy density (in gravitational unit) 
 

𝜌ሺ𝑟ሻ ൌ   𝜌𝑒ି ଶ మ
ൌ ቀ 

ସగమ  𝑑𝑡√െ𝑡


ି∞  ሾ𝐴ሺ𝑡ሻ െ ௧

ସమ 𝐷ሺ𝑡ሻሿቁ 𝑒ି ଶ మ
                (3) 

 
Again, we have to find out pressure distribution function inside proton which is a GWP. This 
distribution must be useful in the solution of Einstein’s static field equation where (2B) 
represents the central pressure inside a proton. Experimental results on proton [5], very 
relevant to our work, state,  
 
“Here we report a measurement of the pressure distribution experienced by the quarks in the 
proton. We find a strong repulsive pressure near the center of the proton (up to 0.6 
femtometers) and a binding pressure at greater distances. The average peak pressure near 
the Centre is about 10ଷହ pascals”. 
 
“The distribution has a positive core and a negative tail of the 𝑟ଶ𝑝ሺ𝑟ሻ distribution as a 
function of  𝑟, with a zero crossing near 𝑟 ൌ 0.6 𝑓𝑚. The regions where repulsive and 
binding pressures dominate are separated in radial space, with the repulsive distribution 
peaking near 𝑟 ൌ 0.25 𝑓𝑚, and the maximum of the negative pressure that is responsible for 
the binding occurring near 𝑟 ൌ 0.8 𝑓𝑚.” 
 
Now, after a careful observation on the above statement in double invited coma and the 
related diagram given in [5], we choose a supporting function for pressure distribution  
 

𝑝ሺ𝑟ሻ ൌ 𝑝൫1 െ 𝛼𝑟ఉ൯𝑒ିఎమ
ൌ ൬

ଵ

ଶସగమ 
 𝑑𝑡√െ𝑡


ି∞   𝑡𝐷ሺ𝑡ሻ൰ ൫1 െ 𝛼𝑟ఉ൯𝑒ିఎమ

                  (4) 

 
where,𝛼 , 𝛽 , 𝜂 are three constants, explicitly linked with essential conditions as given below 
 
a) 𝑝ሺ𝑟ሻ is zero at 𝑟 ൌ ∞ and it is maximum (𝑝) at 𝑟 ൌ 0  
b) The pressure distribution function pሺ𝑟ሻ must satisfies the von Laue stability condition 

 :[5,10] 𝑟ଶpሺ𝑟ሻ𝑑𝑟
ஶ

 ൌ 0. This implies that   𝑟ଶ𝑝ሺ𝑟ሻ𝑑𝑟
బ

 ൌ െ  𝑟ଶpሺ𝑟ሻ𝑑𝑟
ஶ

బ
 where,  

0 ൏ 𝑟 ൏ ∞ and 𝑟 is the nodal point. According to the statement given above in double 
invited coma, 𝑟 ൎ 0.6 𝑓𝑚. 

c) 
ௗ

ௗ
൫𝑟ଶ𝑝ሺ𝑟ሻ൯ ൌ 0 at the position 𝑟 where 𝑟ଶpሺ𝑟ሻ is extremum. According to the statement 

given in double invited coma,  𝑟ଶpሺ𝑟ሻ is extremum at 𝑟 ൎ 0.25 𝑓𝑚 and at  𝑟 ൎ 0.8 𝑓𝑚    
 
The known value of 𝑝  and values of  𝛼,  𝛽  and  𝜂 as a result of  the solution of three 
equations obtained from b) and c) can show the exact form of pressure distribution function. 
However, with the help of (3) and (4), we have to find out space time geometry inside a 
proton.                                                
 

3. Space Time Geometry Inside Proton 

A linearly static proton is considered an incompressible perfect fluid droplet widespread from 
 𝑟 ൌ 0  to  𝑟 ൌ ∞ . So, one can solve Einstein’s static field equation in side proton. This 
section may be initiated by representing the Einstein’s static field equation 
 

𝑅ఓఔ െ 𝑔ఓఔ𝑅/2  𝛬𝑔ఓఔ ൌ െ8𝜋𝑇ఓఔ . 
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Now, the general form of line element in a GWP at any position  𝑟 may be presented by the 
equation 
 

𝑑𝑠ଶ ൌ െ𝑒ఒ𝑑𝑟ଶ െ 𝑟ଶ𝑑𝜃ଶ െ 𝑟ଶsinଶ𝜃𝑑𝜙ଶ  𝑒ఔ𝑑𝜏ଶ                                 (5) 
 
where, 𝜆 and 𝜈 are function of 𝑟 only and those will be zero at 𝑟 ൌ ∞. This leads to get the 
concerned fundamental tensor 

𝑔 ൌ ൮

െ𝑒ఒ 0 0
0 െ𝑟ଶ 0
0
0

0
0

െ𝑟ଶsinଶ𝜃
0

0
0
0

𝑒ఔ

൲                                                    (6) 

 
It is well known that the energy momentum tensor in mixed tensor form is  
 

𝑇
 ൌ ሺ𝑝  𝜌ሻ𝑔ఈ

 ௗ௫ഀ

ௗ௦

ௗ௫

ௗ௦
െ 𝑔

 𝑝                                                   (7) 

 
Where, 𝑝 and  𝜌 are pressure and mass density respectively in gravitational unit. Now, 
equations (6) and (7) are linked with each other by Einstein’s field equation as given below 
 

𝑅
 െ 𝑔

 𝑅/2  𝛬𝑔
 ൌ െ8𝜋𝑇

                                                 (8) 
 

Equation (7) and (8) leads to the relation as given below 
 

𝑅
 െ 𝑔

 𝑅/2  𝛬𝑔
 ൌ െ8𝜋ሺ𝑝  𝜌ሻ𝑔ఈ

 ௗ௫ഀ

ௗ௦

ௗ௫

ௗ௦
െ 𝑔

 𝑝                           (9) 

 
Proton, a Gaussian Wave Packet, is like a incompressible perfect fluid droplet and 
distribution of equivalent mass inside it is considered as linearly static. So, one may read  
ௗ

ௗ௦
ൌ ௗఏ

ௗ௦
ൌ ௗథ

ௗ௦
ൌ 0. Therefore, we obtain from (5)  

ௗఛ

ௗ௦
ൌ 𝑒ିఔ/ଶ and consequently from (7) 

 
𝑇ଵ

ଵ ൌ 𝑇ଶ
ଶ ൌ 𝑇ଷ

ଷ ൌ െ𝑝  and  𝑇ସ
ସ ൌ  𝜌                                                     (10) 

 
Now, using the above results in equation (9) eventually, we reach to the three effective 
equations [11] as given below. 

8𝜋𝑝 ൌ 𝑒ିఒ ቀ
ఔ′


 ଵ

మቁ െ ଵ

మ  𝛬                                                                (11) 

 

8𝜋𝑝 ൌ 𝑒ିఒ ቀ
ఔ"

ଶ
െ ఔ′ఒ′

ସ
 ఔ′మ

ସ
 ఔ′ିఒ′

ଶ
ቁ  𝛬                                                  (12) 

 

8𝜋𝜌 ൌ 𝑒ିఒ ቀ
ఒ′


െ ଵ

మቁ  ଵ

మ െ 𝛬                                                               (13) 

 

where, 𝜈 ′ ൌ ௗఔ

ௗ
 ,     𝜆′ ൌ ௗఒ

ௗ
.  Differentiation of (11) yields 

 

8𝜋 ௗ

ௗ
ൌ 𝑒ିఒ ቀ

ఔ"


െ ఔ′

మ െ ଶ

యቁ െ 𝜆′𝑒ିఒሺఔ′


 ଵ

మሻ  ଶ

య                                        (14) 

 
Again, equating (11) and (12) and rearranging, we get 
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𝑒ିఒ ቀ
ఔ"


െ ఔ′

మ െ ଶ

యቁ െ 𝜆′𝑒ିఒ ቀ
ఔ′


 ଵ

మቁ  ଶ

య ൌ െ𝑒ିఒ (
ఒ′


 ఔ′


)

ఔ′

ଶ
                                (15) 

 

where, 8𝜋ሺ𝑝  𝜌ሻ ൌ െ𝑒ିఒ (
ఒ′


 ఔ′


).  With the help of (15), we obtain from (14) 

  
ௗ

ାఘ
ൌ െ ௗఔ

ଶ
                                                                               (16) 

 
However, with the help of (3) and (4), we obtain from (16) 
 


బషആೝమ

൫ଶఎାఈఉഁషభିଶఈఎഁశభ൯

బ൫ଵିఈഁ൯షആೝమା⍴బషమಳೝమ 𝑑𝑟


ஶ ൌ 
ௗఔ

ଶ

ఔ
                                                (17) 

 

Therefore, 𝑒ఔ ൌ exp ሺ
ଶబషആೝమ

൫ଶఎାఈఉഁషభିଶఈఎഁశభ൯

బ൫ଵିఈഁ൯షആೝమା⍴బషమಳೝమ


ஶ
𝑑𝑟ሻ                                    (18) 

 
Again, from (13) we obtain the relation as given below 
 

𝑑൫𝑟𝑒ିఒ൯ ൌ ሾ1 െ ሺ8𝜋𝜌  𝛬ሻ𝑟ଶሿ𝑑𝑟 ⇒ න 𝑑൫𝑟𝑒ିఒ൯ ൌ න ሾ1 െ ሺ8𝜋𝜌  𝛬ሻ𝑟ଶሿ𝑑𝑟







 

⇒ 𝑒ఒ ൌ ቀ1 െ ଼గ⍴బ


 𝑟ଶ𝑒ିଶమ

𝑑𝑟


 െ ௸మ

ଷ
ቁ

ିଵ
                                           (19) 

where, 𝜌 is as given in (3). Eventually, with the help of (18) and (19) we obtain from (5) 
 

𝑑𝑠ଶ ൌ െ ቆ1 െ
8𝜋⍴

𝑟
න 𝑟ଶexp ሺെ2𝐵𝑟ଶሻ𝑑𝑟




െ

𝛬𝑟ଶ

3
ቇ

ିଵ

𝑑𝑟ଶ െ 𝑟ଶ𝑑𝜃ଶ െ 𝑟ଶsinଶ𝜃𝑑𝜙ଶ 

exp ሺ
ଶబషആೝమ

൫ଶఎାఈఉഁషభିଶఈఎഁశభ൯

బ൫ଵିఈഁ൯షആೝమା⍴బషమಳೝమ


ஶ 𝑑𝑟ሻ𝑑τଶ                                        (20) 

This is the form of space time geometry inside a proton where, ⍴ and   𝑝  are given in (2A) 
and (2B) respectively. 
 
 

4. Conclusion 

Eventually, it is concluded that proton is a kind of Gaussian Wave Packet, inside this wave 
packet the solution of Einstein’s field equation is as given in (20). With the help of QCD and 
assuming that a proton is a GWP, we get a picture on pressure and energy density distribution 
inside proton. Then, the process of the solution of Einstein’s field equation as shown in the 
text leads to the equation (20).  In the same way, space time geometry inside any single 
particle Gaussian wave packet may be depicted if, one can find out pressure and energy 
density distribution inside it. Therefore, this effort may be a step for reconciliation of the 
theory of General Relativity with the laws of Quantum phenomena. 

 
  



234 
 

References 

 

[1] S. Ryu, M. Kataoka and H. S. Sim,Ultrafast Emission and Detection of a Single-Electron 
Gaussian Wave Packet: A Theoretical Study, Physical Review Letter, 117, 146802, (2016) 

[2] U. A. Wiedemann, D. Ferenc, U. Heinz, Coulomb final state interactions for Gaussian wave 
packets, Physics Letters B, 449, 347, (1999). 

[3] U. A. Wiedemann, P. Foka, H. Kalechofsky, M. Martin, C. Slotta, and Q. H. Zhang, (1997), 
Quantum mechanical localization effects for Bose-Einstein correlations, Physical Review C, 56 
(2), R614 

[4] M. Kutschera, S. Stachniewicz, A. Szmaglinski and W. Wojcik, Structure of Proton Component 
of Neutron Star Matter for Realistic Nuclear Model, Acta Physica Polonica B, Vol. 33, (2002), P. 
743 - 759 

[5] V. D. Burkert1, L. Elouadrhiri1 and F. X. Girod, The pressure distribution inside the proton, 396 
Nature, 396, Vol.  557, (2018) 

[6] Maxim V. Polyakov, Peter Schweitzer, Forces inside hadrons: Pressure, surface tension, 
mechanical radius, and all that, International Journal of Modern Physics A 33, 1830025, (2018) 

[7] P. Choudhary, B. Gurjar, D. Chakrabarti and A. Mukherjee, Gravitational form factors and 
mechanical properties of the proton: Connections between distributions in 2D and 3D, Physical 
Review D, 106, 076004, (2022) 

[8] N. Kivel, M. V. Polyakov and M. Vanderhaeghen, Deeply virtual Compton scattering on the 
nucleon: Study of the twist-3 effects, Physical Review D, 63, 114014, (2001) 

[9] F. R. T. Arvizu, A. Ortega and H. Larralde, On the energy density in quantum mechanics, 
Physica Scripta. 98, 125015, (2023) 

[10] P. Choudhary, B.Gurjar, D. Chakrabartiand A. Mukherjee, Gravitational form factors and 
mechanical properties of the proton: Connections between distributions in 2D and 3D, Physical 
Review D,106, 076004, (2022) 

[11] R. C. Tolman, Static Solution of Einstein’s Field Equations for Spheres of Fluid, Physical 
Review, 55, (1939), p. 364-373  

 


