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Abstract

Linear stochastic differential evolution equation are studied. An important result
concerning the specific form of generalized central limit theorem on random walk
on one dimensional affine group is generalized to arbitrary fininte dimensional affine
group: under general assumption the exponent of algebraic decay of the probability
distribution function is indepenent on the statistical properties of the random
translation subgroup. The heavy tail exponent is related to thre critical index of
a family of Lebesgue spaces, related to the asymptotic behavior for large times of
the Banach space norm of the solution of the random evolurion equation. We prove
that the heavy tail exponent of the inhomogenous stochastic linear equation can be
related to the large time behavior of the solution of the homogenous part.
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1 Introduction

The simplest random affine linear model of the one dimensional multiplicative processes
[10] [11][12] predicts large fluctuations in the propagation of epidemics exactly in the
critical case, when the mean value of the epidemic R factor is slightly less then unity.

Affine stochastic evolution equations were studied both in mathematical literature [2],
11, 3,4, 5, 6], [11] as well as in physical literature [7, 8, 9, 10|, [12]. This interest in affine
stochastic evolution equations (ASEE) comes partly because they represents the simplest
reduced models of large class of the natural or social processes they are the simplest,
partially soluble, versions of the instability growth under the effect of external noise and
must important, their relation with the occurence of heavy tail (HT) of the probability
distribution function of the stationary solution. They are also related to models of the
self-organized criticality [10], and to the renewal processes (see .[1, 3, 4]).

Despite their apparent formal simplicity, even in the classical examples of the discrete
time ASEE, the affine iterated function systems, the stationary cumulative probability
function in one or two-dimensional case, has complicated fractal structure [13, 14, 15].me

The apparently simple continuous time, one-dimensional [10] explains the simultaneous
occurrence of the very small value of the heavy tail exponent and the large correlation time,
approximate self-similarity, of the driving multiplicative noise in tokamak experiments.
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Exact analytic results on the heavy tail exponent for one dimensional process was
obtained in [8], [9], [10], [11], [12]. In this work we study higher N dimensional stochastic
linear evolution equation, in finite dimensional space. We establish a relation between
large time evolution of the solution of the homogenous linear stochastic equation and the
heavy tail exponent of the stationary solution of the inhomogenous equation, in the case
when the heavy tail index is greater than 1.

The occurrence of the HT in the stationary PDF is related to the following dynamical
effect [6, 10], [11] . When the stationary PDF of the solution X;(w) of the ASEE has HT
with exponent (., then for ¢ — oo the fractional order moments, or the related LP norms,
E[| X¢|P] remains bounded for 0 < p < ., respectively diverges for p > f.. This is related
to the "variance explosion” phenomena studied recently in the mathematical finance [6].
The objective of this article is to extend these results to higher dimensional random affine
systems.

Previously explicit algebraic methods for computing . were elaborated in some spe-
cial cases: in the framework of the discrete time models in [1, 8], with ii.d. additive
and multiplicative noise, and in the case of i.i.d. additive noise and multiplicative noise
modelled by a finite state Markov process in [4] .

In the continuos time case, with the multiplicative noise modelled by a finite state
Markov process [3], rigorous foundation of the computation of 5. was obtained. In Ref.[10]
the multiplicative and additive noise were modelled by a superposition of Ornstein-
Uhlenbeck processes and explicit formula for (. was derived by asymptotic methods.
In all of the cases the exponent [, is independent of the additive term.

The ASEE model equation that is considered here is a class of n-dimensional random
differential equation (RDE), which extends previous results [10]), by using new topological
vector space methods. The additive and the multiplicative random terms in our model
are stationary processes.

Recently there is an increasing interest in the study of the affine random processes
due to the application in the epidemiogy. The simplest random affine linear model of
the one dimensional multiplicative processes [10] [11][12] predicts large fluctuations in the
propagation of epidemics exactly in the critical case, when the mean value of the epidemic
R factor is slightly less then unity.

2 The linear stochastic model and the results.

2.1 The framework

The driving stochastic processes are defined in a probability space {Q, F, P} with ex-
pectation value E,[f(w)] = E[f] = [, f(w)dP(w). By w will be denoted a generic ele-
ment of the measure space 2. Two driving F—measurable stochastic, the finite dimen-
sional vector space V' valued process{i;(w) : R x Q@ — V ~ R" and operator valued
process{A;(w) : Rx Q = V*®@V ~ R" defines formally the linear random differential
equation (RDE) :

dXy(w)
1Y) — 4 @X0) + i) )

Xo(w) =Ty (2)

We consider the case when the driving processes b;(w) and A;(w) are stationary and
independent, consequently the operator [E,[A;(w)] is constant, From previous study
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of the one dimensional systems, the problem 1-2has nontrivial stationary solution (or
at least bounded solutions in the large time limit) if the eigenvalues of the operator
E,[A;(w)] has strictly negative real parts.

The notations X;(w) or X3, for the solutions of RDE will be reserved. Without loss of
generality we consider deterministic initial condition Xo(w) = 9. The argument w will
be omitted when no confusion arises.

Associated to the random affine system 1 we will study the linear system for matrix
valued random function G(ty,t,w)

dG(to,t
W) _ A (@)Glt0,,0) )
G(to, to,w) = 1 = identity operator (4)

The operator satisfies the following cocicle conditions [22]

G(t]_,tQ,CU)G(tQ,tg’,W) = G(tl,tg,W) (5)
[G(tl, tz, w)]_l = G(tg, tl, CL)) (6)

Formally, from equations 1, ...,6 result the following solution
t
X,(w) = G(0, 1, w)ro + / Gt 1, w)by, () dty (7)
0
Xi(w) €V, by (w) eV, G(t1,t,w):V —V (8)

For more clarity, the previous equation 7 will be rewritten as follows [18]

t

Xip(w) =Y Grm(0,t,w)aom + / > Gt t, )by, m(w) dty (9)

m=1 0 m=1

2.1.1 Generalized L? spaces [18], [19] , [20].

Consider the direct product of measure spaces, that give rise to anisotropic Banach space
structure.
Let the measure space (2, .4, m) has the following product structure. The phase space

Q) is split in two subspaces
Qpr =0y X (10)
That means that the argument x of a measurable function can be represented as
x ={x,x2} , S0
f(x) = f(z1,22) (11)
with zp € € . We mention also that in general the component spaces {2, has the
structure of R™ or more general infinite dimensional measure space. Each of the spaces
() has their o—algebra A;. The o—algebra A , that contains subsets of {2, = Oy x
is defined as a tensor product: it is the largest o—algebra on 2 such that all of the
projections Q 25 Q, are measurable.
The measure m is also factorizable:

dm(x) =dm(zy, xe) =dmy(x1)dma(xs) (12)
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where the measures my, are defined on the o—algebras Ay, .
In other words, the measure space (€2, .4, m) is the tensor product

2

(QpTvAv m) = ®(Qj7“4j’mj) (13)

j=1
The elementary probability dP(x) is given by
dP(x) = p(z1, x9)dm(x) (14)

where is some singular probability density function.

Consider a vector p = {p1,p2} of real numbers with py > 1 . According to Ref.[18] ,
in close analogy to Ref.[19] , we define recursively the norm (depending on the measure
m) |[pll,,n as follows

r 1/p2

fi (@) = /[f(xl,xz)]m dma(z2) = [|f (@1, ), (15)
195
B 1/1)1

1 llpm = /[f1 (@)]”" dma(21) = [l/1Ol,, (16)
121

The corresponding anizotropic Banach spaces are defined according to the previ-
ous norms 15 and 16 . In the case of our physical problems, both of the measures
mi(x1), ma(xs) are finite. The space (€21,.41,m;) is the probability space Q = Q; and

m1(2) =1 (17)
ma(Qs) =n < o0 (18)

In our case (€9, A2, m9) is the discrete, finite probability space on the finite set
Qs ={1,...,n} with the counting measure on {1, ...,n} . It is known [18] that the previous
norm || f[|,,, has all the properties of norm on functional spaces [18] . According to the
norm defined by the finite dimensional vector space V', we define a norm related to the
matrix valued random function G from equation 9 , that we denote by Np, 4(.) We associate
to the (finite dimensional) random linear operator Gy, ,,(t1,t,w) , a linear operator I'(¢;, 1),
acting as a multiplication operator in the space o random measurable functions, and acting
as a matrix in the space V. So we have for all vector valued measurable function ¢ (w)

[T(t, )0l = Y Grm(tr, t,w)dm(w) (19)

We denote by LP the set of measurable functions on Q. : f € LP <= ||f|,,, < o0
In general the operator I' acts from the space L9 to LP and define the corresponding
norm by

I0(t1, 1)l
Np o(T(t1,1)) = sup———F (20)
o209l
So we have for all ¢ € L9 the following inequality
1Tt )0l < lollg Npa(T'(t1, 1)) (21)
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Because Np (I'(£1,)) is an operator norm, and from the stationarity of the stochastic
process A;(w) results that N, ,(I'(t1,t)) = Npp(I'(0,¢1 —t)) we have

Npp(D'(t1,1)) = Npp(I'(0,t1 — ¢,)) < [Npp(L'(0, (1 — t,)/m))]"™ (22)
We have the generalized Holder inequality. Let p = {p1,p2} and p’ = {p}, p,} with

Ip +1/pi =1 (23)
1/p2+1/ph =1 (24)

Then we have, for all f € LP and g € LP' the following inequality

/ £ (x)g () dm(x) < |[fllm N9]lp (25)

Proposition 1 In the case when p = {p1,p1}, a={q, ¢}, r = {r1,r1} and

/pt+1/q =1/

then
1f 9l < Nl 191 qm

Because the norms ||.{|,,, , [|-[ly . |-l qm are equivalent for fized py,qi, 1, there exists con-
stant C' depending only on p,q,r such that in general case

19l < C NSl 19l (26)

In the our case where the measures my, mo are all finite, and m; is a probability
measure, then from 25 it follows

/ [F)[dm(x) < n P fl, . (27)
Qpr
Similar to the norm || f|[,,, and corresponding LP, it is useful to define another norm
I.1I5,, too . We define

r 1/p1

o (ws) = | [ mP dma(e)| =17zl
121
B 1/172

19ll5m = /[91 (22)]" dma(2) = llgr O,
122

Remark 2 In the following the index m will be omaited, if no confusion appears. Let
p = {pp2} , P’ = {p1ph} Because the vector space V is finite dimensional, for fived
p = 1 all of the norms are equivalent topologically, consequently there exists constants
¢y, ¢ orcy, cy such that

C1 ||f||p’ S ||f||p S C2 ||f||p’ (28>
allgly <lglly < cllglly (29)
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Remark 3 In the case when p = p1 = po , the anizotropic norms are equal to the classical

norms.
1/p

1Al = NIf1l = / [f (1, 22) ] dma (1) dimay (22 (30)

legg
111

These class of norms will be usefull in the future works relates to the extensions of the
our results.

In the following we introduce some conventions related to the conditions on validity of
the our results, that are the consequence of the stationarity. We call that the stochastic
process associated to the affine random process that results from conditionl is regular,
if for all p with p; >0, forall ¢ € L9 all with ¢ = oo, there exists 0 < # < oo and a
monotone increasing function v(p) such that for fixed po and p; < f we have v(p) <0
and for p; > we have y(p) > 0 and the following bounds

Npp(L'(t1,1)) < diexp [y(p)(t2 — t1)] (31)

ID(t1, 6], < da 6]l Nop(D(t1, 1) (32)

here dq, dy are some constants. Observe that in equation 32, compared with equation

21 there is a new constant and the indices IV, 4 are modified on Ny, , . It is easy to prove
that there exists a large class of stochastic processes with this property

2.2 The main theorem.

Theorem 4 Suppose first that the stochastic process by(.) is stationary and b(.) € L9
with ¢ = oo. In addition suppose that the process G(t1,ts,.) is reqular. Then for suffi-
ciently large ty — t1 the solution of the equation 7 9 is bounded by

[Xi (@)l < diexp[y(p)t] [[zoll + A/ [exp(vt) — 1] (33)
where v =y(p) and A >0 .

Proof. We use the regularity conditions 31, 32 , as well as the equations 79 and we

obtain

[Xe(@)llp, < 1G(0,2, )oll, + / |G (Exs ), ()l dty (34)

=X + Y (35)

by using equation 21 we obtain the first term in inequality 33 X = d; exp [v(p)t] ||zo]|-
In the second term, by using the Holder inequality 21 we obtain

V< [ NGt Ol (36)

By using the stationarity of b, (.) and regularity condition 32 we obtain
t

Y < (b ()l Cdad / exp [1(p)(t2 — 1)) dty

0
which proves the theorem. m
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3 Conclusions.

In a class of general finite dimensional random affine differential equations the large time
behavior of the solution was studied. Under general assumptions we proved that the
computation of the heavy tail properties of the stationary solution can be reduced to the
study of the large time behavior of the generalized LP*> norm [18] of the solution of the
homogenous random linear equation. A critical exponent (5. was defined such that the
norm of the solution, of order p; remains bounded if p; < . and diverges, on a massive
set of initial conditions, when p; > (.. When heavy tail exists then . is the heavy tail
exponent. The speed of convergence/divergence, for large time, of the norm of order p;
of the solution is exponential, depending on p — (.. The generalization to the case when
the vector space V is a more general Banach space with infinite dimension remains a
challenging open problem.
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