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Abstract

We give a new simplified proof of the convergence of the two dimensional trian-
gular Bézier polynomials to continuous functions based on the abstract topological
Stone-Weierstrass theorem. We estimate the convergence rate and discuss the ap-
proximation problem on general triangular mesh.

1 Introduction

For the numerical simulation of the wall touching kink modes (WTKM) in the thin wall
approximation [1] one of the problem is to extend the existing code, designed for the
smooth tokamak wall, using triangular finite elements, to the case when to the tokamak
wall is attached a limiter. In order to reduce the modification in the previously elaborated
programme and input data, in the generic cases we are forced to solve the problem of
nonconforming finite elements. Despite the construction of the finite elements on the
limiter alone does not pose complex problems, on the contact line on the tokamak wall
special problems appears due to nonconforming position of the finite element triangles.
Due to non-conformity, the interpolation in general does not preserve the continuity of
the exact function.

In this work we give a new, simplest proof of the convergence of Bernstein polyno-
mials toward a two variable continuos function, defined on conforming or nonconforming
triangular finite element and estimate the speed of convergence.

2 Convergence proof

2.1 Statement of the problem

Consider a two dimensional simplex T, a triangle with vertices

x;, € TCR*1<i<3 (1)
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where R? is considered with standard real vector space structure and scalar product " -".
For a given point x € T we denote by s;(x), ¢ = 1,3 its barycentric coordinates:

X = Z si(x)x; (2)

Zsi(x) = 1; si(x)>0,i=1,3 (3)

Consider only the case when the triangle is non degenerated. The correspondence defined
in Eqs(2, 3),
R? 3 x — (51(x), s2(x), s3(x)) := S(x) € R (4)

transform the triangle 7" in the standard two dimensional simplex from R3, that is the

convex hull of the unit vectors from R3. The map S is one to one; denote its inverse by
R:

3
Ty > (tl,tg,tg = Z iX; = tl,tg,tg) eT (5)

w

The one dimensional analogue of the Eq.(3) was the key starting point in the proba-
bilistic proof of the classical Weierstrass theorem by S. Bernstein in the case of functions
of one variable [2], [3].

In analogy to the single variable case of Bernstein polynomial attached to the 1-simplex
[0,1],

n!
Bl(s) = ————
e) = T
the Bernstein-Bézier polynomials [4], [5], [6] attached to the two dimensional simplex, the
triangle T from (1) are

s"(1—s)"" 0<k<n; kn integer

n!

Bijn(x) - ZW[Sl(X)]i [52(x)) [s3(x)]" (7)
i+j+k = n; i, j, k eN (8)

In the following, we will denote by M,, , whose elements are triplets of integers:
N*¥ > M, .= {(6,5, k)| (i, j, k) € N*%; i+ j + k =n} (9)

The set of Bernstein-Bézier polynomials of given order n, in the case of a real contin-
uous function of two real variables defined on the triangle T

RO T — f(x) €R

generate a polynomial B}”(y) in two real variables y= (y1, y2), that is, by anticipating, an
uniform polynomial approximant of the function f(x)

poo - = X r|r(LL ) e - (10

(4,5,k)EMp

= Z f(x1—+in+X3k> Uk() (11)

(4,4,k)eMy,
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The set of points,

C, = {R (1,1,5> (i, . ) eMn} cT (12)

n nmn

are called the set of control points on the triangle T. We have
C, = R(M,/n) (13)

Our goal is to give a new simple proof that B?(m) is really an approximant of f(z),
and to estimate the error. We stress that we are not intend to give a new proof of
some extension of the Weierstrass theorem on simplexes, rather we are interested in bet-
ter understanding the approximation mechanism in order to handle the more complex
geometries that appears in the case of nonconforming Bézier finite element analysis.

2.2 Convergence proof and error estimate for exponential func-
tions

We denote by C(T) space of continuos functions on the triangle T, with the uniform
convergence norm and denote by F(T) the subspace of C(T) generated by all finite linear
combinations of the functions

exp(a-x); a € R? (14)

We start with a proposition that simplifies the proof:

Proposition 1 The subspace E(T) contains functions that distinguish [7] every pair of
points bq,by € T.

Proof. We have to prove that there exists a function g € E(T) such that g(b;) # g(bs).
Consider
a = b2 — bl

The function g(x) defined by
9(x) :=exp[(by = by) - (x = by)]

is also contained in F(T) and g(by) > g(by) that completes the proof. B
Starting from this result we can justify our main lemma:

Lemma 2 The subspace E(T) is dense in C(T) in the sup norm topology.

Proof. The subspace F(T) is closed under multiplication, contains identity element so it
is a Banach subalgebra of C'('T) with identity, and according to the previous Proposition 1,
distinguishes all of the points on the compact set T. So, according to Stone-Weierstrass
theorem [7], F(T) is dense in C'(T). W

Now according with the previous Lemma, in order to prove that B} () "5 f(2),
it is sufficient to prove the convergence on the generators exp (a - x) of the space E(T).
Denote

€an(x) := B} (x); f(x) =exp(a-x) (15)

For the sake of clarity we decompose the proof in several steps. The main result, that
explains the particular choice of F(T) is the following algebraic relation:
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Proposition 3 The Bézier polynomial for exponential function can be expressed as fol-

lows .
€an(x [Z s;(x) exp (a % >] (16)

Proof. We use here a shorter notation: s;(z) denote simply as s;. From Eqgs.(11, 7, 14
8) results

7 j k
Can(x) = Z exp la- (Xlﬁ +X2% —}—Xgﬁ)} B{fj’k(x) (17)

(ivjvk)EM"

S [ (] for (2] fr (2] g

(i,j,k)EMn
3 n
a-xj
- [Z sy )]
. n
Jj=1

where was used the definition (9) and the multinomial Newton formula. W
By using Eqs.(16) we have the following

Proposition 4 In the limit of large n we have the following convergence result of the
Bézier polynomial e, () on the triangle T

K 1
|ean(x) —exp(a - x)| < [E +0 (ﬁ)} exp(a - X) (18)
where K is a constant, independent of n and x.

Proof. By separating an O(1/n?) term

a Xj)_ [eXp<a xj>_1_a-x]~]
n n n

with the use of Eq.(3), the term in the right hand side from Eq.(16) we rewrite as follows

exp <

3

3
oo (TH) = 143 a0
7=1

_ L+%;+WA@ (19)

(%)

where in the last equality we used Eq.(2) and we denoted the residual O(1/n?) term as

Z s;(x) exp (

For large n, by using the remainder formula for Taylor series we have the inequality

X)—1—% (20)

Kl,n
G0l < = (21)
3
_ 1 2 a-xj
K, = 2;:1:(&1 x;) exp( . )<C (22)
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where the constant C' can be optimized by suitable coordinate change. From Eqgs.(16, 19)
results

can(®) = [1+2Z 47, (x)] (23)
In order to find the speed of convergence by using Eqs.(21, 22) we compute
Can(X) K 1
log—————| < —4+0|—= 24
o8 exp(a - x) n * <n2) (24)
1
K = C+ 51}{1€a%<(a - X) (25)

From Eq.(24) we obtain the relative error bound
an(X) — . K 1
€an(X) —exp(a- x) <—+(’)(—> (26)
exp(a - x)

that completes the proof. W

2.3 Convergence proof, and error estimate, general case.

Let f(z) € C°(T) and e > 0. By Proposition 4 there exists N(g), vectors and coefficients
a5, ¢ with 1 <7 < N(e) such that

7

N(e)
€ € €
L = < £ 927
sup | f(x) Z;c exp (af - x)| < 5 (27)
By Proposition 4 there exists an M (g) such that
N(e) N(e) -
co S e . x)| < < 28
Sup 2 Cj€az M (e) (X) ;CZ exp (af - X)| < 3 (28)

From Eqgs.(27, 28) results

N(e)

sup Z CEqs, M(e) (x) — f(x)

xeT i—1

Due to the fact that eqs () (x) can be expressed by Bézier polynomials, we proved that
the function f(x) € C°(T) can be approximated in unifom norm by Bézier polynomials,
of fixed order M(e) .

3 Conclusions

We presented a new proof of the convergence of the Bézier polynomials associated to
conforming or non conforming triangular finite element. We proved that the relative
error is dominated by an asymptotic term of the form O(dk/n) where n is the order of the
Bézier polynomial, d is the largest side of the triangle and k is them largest wave number
that appear in the Fourier expansion of the function to be approximated.

Acknowledgement

This work has been carried out within the framework of the EUROfusion Consortium
as a complementary project and has been received funding from the Romanian National
Education Minister / Institute of Atomic Physics under contract 1EU-2/2//01.07.2016.
The collaboration with the Calin Vlad Atanasiu is acknowledged.

21



References

[1] L. E. Zakharov, C. V. Atanasiu, K. Lackner, M. Hoelzl, E. Strumberger, Electromag-
netic thin wall model for simulation of plasma wall touching kink and vertical modes
J. Plasma Phys. 81, 515810610 .

[2] L. B. Koralov, Y. G. Sinai, Theory of Probability and Random Processes Springer-
Verlag Berlin Heidelberg 2007, page 29.

[3] M. Arat6, A. Rényi, Probabilistic proof of a theorem on the approximation of con-
tinuous functions by means of generalized Bernstein polynomials, Acta Mathematica
Hungarica Volume 8 Issue 1-2, Pages 91-98.

[4] P. Bézier, Numerical Control-Mathematics and Applications (translated by A. R. For-
rest) London, John Wiley 1973.

[5] G. Farin, Curves and Surfaces for CAGD 5 -th Edition, Elsevier (2001)

[6] G. Farin, Triangular Bernstein-Bézier patches, Computer Aided Geometric Design 3,
(1986) 83-127

[7] J. L. Kelly, General Topology, page 244 , Springer, N.Y., (1955)

22





