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Abstract

Massive 2- and 3-forms are analyzed from the point of view of the Hamiltonian quantization
using the gauge-unfixing approach. For both models the gauge-unfixing method finally output a
manifestly Lorentz covariant path-integral.

1 Introduction

The purpose of this paper is to present the problem of the Hamiltonian quantization of the massive
2- and 3-forms in the framework of the gauge-unfixing (GU) approach [1]-[2] based on path integral.
The main idea is to associate with the original second-class theory an equivalent first-class system.
The associated first-class system has to satisfy the following requirements: its number of physical
degrees of freedom coincides with that of the original second-class theory, the algebras of classical
observables are isomorphic and the first-class Hamiltonian restricted to the original constraint surface
reduces to the original canonical Hamiltonian. The above isomorphism renders the equivalence of the
two systems also at the level of the path integral quantization and hence allows the replacement of the
Hamiltonian path integral for the original second-class theory with that of the equivalent first-class
system.

This paper is organized in five sections. In Section 2 we start from a bosonic second-class con-
strained system and briefly expose the GU method [1]-[2] of constructing first-class system equivalent
with the original theory. In Section 3 we apply GU methods to massive 2-forms and meanwhile obtain
the path integrals corresponding to the first-class systems associated with this model. After inte-
grating out the auxiliary fields and performing some field redefinitions, we discover nothing but the
manifestly Lorentz covariant path integrals corresponding to the Lagrangian formulation of the first-
class systems, which reduce to the Lagrangian path integral for Stiickelberg-coupled 1- and 2-forms.
In Section 4 we exemplify the GU method in the case of massive 3-forms. Section 5 ends the paper
with the main conclusions.

2 Gauge unfixing method

The starting point is a bosonic dynamic system with the phase-space locally parameterized by n
canonical pairs z% = (q’, pz-), endowed with the canonical Hamiltonian H., and subject to the purely
second-class constraints

Xao (Za) ~ 07 Qo = 17 2M07 (1>
Assume that one can split the second-class constraint set (1) into two subsets
Yao (%) = (Gag (27,07 (=) %0, Go, fo =1, M. (2)
such that )
[Ga,, GBo] = DngoG%' (3)
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Relations (3) yield the subset
Ga, (2%) =0 (4)

to be first-class. The second-class behaviour of the overall constraint set ensures that
C* (2*) =~ 0 (5)

may be regarded as some gauge-fixing conditions for this first-class set.
We introduce an operator X [3] that associates with every smooth function F' on the original
phase-space an application X F', which is in strong involution with the functions G,

XF = F — 0% [Gay, F] + 1C%C% [Gay, [G5, F]] =+ (6)
XF.Ga,) 0. (7)

With the help of this operator we construct a first-class Hamiltonian X H, with respect to (4).
The original second-class theory and respectively the gauge-unfixed system are classically equiva-
lent since they possess the same number of physical degrees of freedom Ny = % (2n — 2My) = Ngu
and the corresponding algebras of classical observables are isomorphic. Consequently, the two systems

become also equivalent at the level of the path integral quantization, which allows one to replace the
Hamiltonian path integral of the original second-class theory

Zo = /D(z“’,)\o‘o)det ([GaO,CBOD X
X exp [i / dt (¢'pi — He — A%X%)} : (8)

with that of the gauge-unfixed first-class system
Zey = /D(z“,AdO) <H5(cdo)> (det ([Gap C™])) x
Qo
X exp [i / dt (qipi — XH, - A%Gao)] . 9)

3 Massive 2-forms

We start from the Lagrangian action of massive 2-forms in D > 3 [4]-[5]
SEA,,)] = / Pz (—%FWPFWP - mTQAWAW) . (10)

By performing the canonical analysis of this model [6]-[7], there result the constraints
Y= 2%, (11)
XZ(»Q) = 28jﬂ'ji — m2A0i ~ 0, (12)

along with the canonical Hamiltonian
H, = / APV (=l b P04 B A, A — 2 40,0, (13)

The constraints (11) and (12) are second-class and irreducible.

According to the GU method we consider (12) as the first-class constraint set and the remaining
constraints (11) as the corresponding canonical gauge conditions [8]-[9] and redefine the first-class
constraints as ' B '

G'=—-2; (20,77 — m*A") ~ 0. (14)
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The first-class Hamiltonian with respect to (14) follows from relation (6)
XH = He~ [ ) [6' ), B
+§/dD‘lydD‘1zx§1) W) (4°.2) [ () [¢7 (s°2)  Hey]] — -
— H.- / dP1y [majAﬁ . ﬁamjoa[iwﬂo} . (15)

An irreducible set of constraints can always be replaced by a reducible one by introducing constraints
that are consequences of the ones already at hand [10]. In view of this, we supplement (14) with one

more constraint, G = —m?29;G* ~ 0, such that the new constraint set
G = -1 (20,77 —m*AY) =0, (16)
G = —-m?9;A% =0 (17)

remains first-class and, moreover, becomes off-shell first-order reducible, with first-order reducibility
functions

(Zm) = ( 0; # ) (18)
At this stage, it is useful to make the canonical transformation
Ay — —#Hi, % — m2B’, (19)
The constraints (16) and (17) become
G = -1 (20;77" +10') =~ 0, (20)
G = oIl'=0, (21)

while the first-class Hamiltonian (15) takes the form
Hoy = /ley [—ﬂ'ijﬂ'ij + %Fiijijk + mTzAiinj + %Aija[iBj]
+ 203 B0V B — SLTLIT 4+ LTI, (20,79 4 107) | (22)
Due to the equivalence between the first-order reducible first-class system and the original second-class
theory, one can replace the Hamiltonian path integral of massive 2-forms with that associated with
the reducible first-class system. The argument of the exponential from the Hamiltonian path integral
of the reducible first-class system read as

Seu = /le“ [(%Aij)ﬂij + (00Bi) II' + myjm™ — L Fyp PP

—mZ A A Aol g, Bl B 4 LTI
— LI (20,77 +11°) + 5\ (2077 +11°) — X (9,11")] . (23)
If we perform the transformation
m— 1, X\ —\N=\N-1I (24)
in the path integral, the argument of the exponential becomes
Shy = / 4% [(@0Ay) 7 + (B0B:) I + e — by Py "
—mE A AT — 2 Aol BT — g B ol Bl 4 LTI

+-1 X (20,77 + 1) — X (OiI1") ] . (25)

291



We enlarge the original phase-space with the Lagrange multipliers {5\2-, )\} and with their canonical
momenta {pi, p} and we add the constraints

pl 0, p~ 0. (26)

The argument of the exponential from the Hamiltonian path integral for the first-class theory with the
phase-space locally parameterized by the fields/momenta {Aij, Bi, i, A\, ™ 1T, pt, p} and subject
to the first-class constraints (20), (21), and (26) reads as
SgU = /dD.’E [(8014”) 7Tij + (aoBl) HZ + (805\1) pi + (80)\)]0
—l—mﬂrij — ﬁFZ]kF”k — mT2AZJAl] — %ZAU&[’BJ]
2 o .
103 B0l B+ gL TLIT
+-L N (20577 + 1) — A (§,I1°) — Aip’ — Ap] . (27)

Performing in (27) the integration over {77” I8t p, Ay, A} and making the notations

#5\1 = */L‘o, A = —By, (28)
then (27) can be written as
Sev = /de [_%Fz’ijij’“ — 1 Fpi PO — T2 A AV — 12 Jjg AT
— A FY 2 A FO - i gy, g0 (29)
where
Foij = 00Aij+ 0y A 0, Fij = —0;Bj, Foi = —(00B; — 9;iBo) . (30)

il Foi = = (0oB;i — 0;Bo) - (31)

The functional (29) associated with the reducible first-class system takes now a manifestly Lorentz
covariant form

Scu [Bu Aw] = /de (=5 Fuwp PP — 3 (Fuy — mA,,) (F* —mA*)],
with

ij = _AVN’ A/W = (AijAjk) , Fup= 8[MA
B

vpl» (32)

= —~B,, Fuy = 0By, (33)

and describes precisely the (Lagrangian) Stiickelberg coupling [11] between the one-form B,, and the
two-form A,,.

4 Massive 3-forms
We start from the Lagrangian action of massive 3-forms in D > 4 [4]-[5]
Sé: [Apwpl = /de (*IISFW/J/\FWW\ - %QAWPAWP) : (34)

By performing the canonical analysis of this model [6]-[7], there result the constraints

WD = % g, (35)
XE]Q) = 38’“7%” - mTQAQZ‘j ~ 0, (36)
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along with the canonical Hamiltonian
a . . ) . g
HC = /dD 1.1‘ <—3ﬂ'ijk7TUk + %Fiij”k + %A,u,l/pAu P + 8[kAZJ]7TkU> . (37)
According to the GU method we consider (36) as the first-class constraint set and the remaining

constraints (35) as the corresponding canonical gauge conditions [8]-[9] and redefine the first-class
constraints as

m

G =_1, (3ak7r’“'j — %QAOU) ~ 0. (38)
The first-class Hamiltonian with respect to (38) follows from relation (6)
N P o
X = He~ [ ) ) (67 0) o)
1 [ gD-1,4D-1 (1) 1) (.0 G GF (40 H. (4° o
+3 yd”taxgy (W) xy (v052) |GY (), (v'2) , He (y°)
= Hc — /ley [%WOijakAkij — ﬁ iﬁjkoa[iﬂ'jk]o} . (39)

An irreducible set of constraints can always be replaced by a reducible one by introducing constraints

that are consequences of the ones already at hand [10]. In view of this, we supplement constraints
2

(38) with one more constraint, G* = —2-9;G’" ~ 0, such that the new constraint set
Gio= -2 (3ak7r’”j - m;AOZ’J') ~ 0, (40)
Gl = —m9A% ~ 0 (41)

remains first-class and, moreover, becomes off-shell second-order reducible. At this stage, it is useful
to make the canonical transformation

Agij — — 1155, 7 — m’BY, (42)
The constraints (40) and (41) become
G7 = -1 (39;n7" + 111Y) =~ 0, (43)
G' = 90,1V ~0, (44)

while the first-class Hamiltonian (39) takes the form
HGU = /ley |:—37T2‘jk71'ijk + I%Fijleijkl + %AljkAljk
+12 A0 BTN 4 1 gy By 96 BIM
— LT, LT, <3akn’m'j n %H”ﬂ . (45)

Due to the equivalence between the first-order reducible first-class system and the original second-class
theory, one can replace the Hamiltonian path integral of massive 3-forms with that associated with
the reducible first-class system. The argument of the exponential from the Hamiltonian path integral
of the reducible first-class system read as

Seu = /de [(80Al]k) Wijk + (803”) Hij + 37Tijk7rijk
— e P PN — 10 Ay AR — 2 A0 BN
9, B0 B - LT — LT (38k7rkij + %Hij)

iy (3067 + STV — L, (0,117 | (46)
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If we perform the transformation
M7 — 09, N — Ny = Ay — 1 (47)
in the path integral, the argument of the exponential becomes
S/GU = /de [(6014%) Wijk + (a()Bij) Hij + 37Tijk7rijk — %Fjjleijkl
me Ay ATE -4, 00 BN g, By ol BIM
+ﬁﬂijﬂij + #S‘U <3ak71'kij + %HU> — %/\Z (8]Hjl):| . (48)

We enlarge the original phase-space with the Lagrange multipliers {5\2-]-, )\i} and with their canonical
momenta {p”, pz} and we add the constraints

P’ ~0, p'=0. (49)

The argument of the exponential from the Hamiltonian path integral for the first-class theory with
the phase-space locally parameterized by {A;ji, Bij, )\U, DYRE L | CALA p'} and subject to the
first-class constraints (20), (44), and (49) reads as
Sey = /dDUU [(80Aijk)7rijk + (00 Bi;) IV + (9o i) 7 + (Do) p'
+37Tz]]€7szk o I%FZJlel]kl - %AkaUk m2 ka[zB]k}
~H 0By BN + LTI + 2oy (3‘9’6”'“” +417)
—%Aj (8jHji) — Az‘jpij - Aipi] . (50)

Performing in (50) the integration over {Wij k TI9, pid | pt, Aij, Ai} and making the notations

LN = Ao, 1\ = Bio, (51)
then (50) can be written as
Sty = / AP | & Figpa F9¥ — b By FOUF — 20 Ay AT — 12 1y 2100
—%QAiijijk 2 Ao F0 — m By Rk mTQFOZ'jFOU} ; (52)
where
Foiji = 00Aijk — 0A o, (53)
Fijx = 0By, Foi = 2 (00Byj + 9 Bjjo) - (54)

The functional (52) associated with the reducible first-class system takes now a manifestly Lorentz
covariant form

Sy [Buwf_lwp] = /de [*ﬁFMVpAFWpA
13 (Fuwp — mAu,) (P —mARP) ], (55)
with
Auup = (AOijv Az]k) F,u,vp)\ = 8[u[1up)\]7 (56)
B, = -1B,, Fuvp = 0By, (57)

and describes precisely the (Lagrangian) Stiickelberg coupling [11] between the 2-form B,,, and 3-form
A

pvp:
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5 Conclusion

In this paper we realized the path-integral quantization of the massive 2- and 3-forms using GU
method. In the framework of GU approach, starting from the original canonical Hamiltonian, we
generated a first-class Hamiltonian with respect to the first-class constraint subset. We built the
Hamiltonian path integral of the GU first-class system and then eliminated the auxiliary fields and
performed some variable redefinitions such that the path integral finally takes a manifestly Lorentz
covariant form. It is interesting to remark that this approaches require an appropriate extension of
the phase-space in order to render a manifestly covariant path integral. In the case of massive 2-forms
the GU method allowed the identification of the Lagrangian path integral for Stiickelberg-coupled 1-
and 2-forms and for massive 3-forms the GU approach allowed the identification of the Lagrangian
path integral for Stiickelberg-coupled 2- and 3-forms.
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