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Abstract

A new form of the collision operator for a Coulomb plasma is proposed. One-
component and many-component systems are considered. The proposed collision
operator properly takes into account the relaxation of the first 13 hydrodynamic
moments. Besides this, it accounts for the non-diagonal component contribution in
the quadratic approximation in the expansion of the linearized collision operator
with respect to the complete system of Hermite polynomials. It is shown that for
a system of charged particles with the Coulomb interaction potential, these contri-
butions are essential and lead to Spitzer corrections to the transport coefficients.
An expression for the intensity of the Langevin source in the kinetic equation is ob-
tained in the same approximation. A new form of the model collision operator for a
Boltzmann gas of hard spheres is proposed. For a many-component system we have
reconstructed a non-linear model collision integral by using the linearized collision
integral found. Unlike previous ones, it does not contain complicated exponential
dependence and avoids the coefficients ambiguity in the many-component collision
integral.

1 Introduction

The most widely used kinetic model equation, especially in the plasma transport and fluc-
tuation studies, is Bhatnagar, Gross and Krook (BGK) model one [1]. Recall that BGK
model collision term for the one-component system is the departure of the distribution
function (d.f.) from the Maxwellian whose parameters are the moments of the d.f.:

I{f} = −ν
¡
f − f0

¢
, (1)

where

f0 =
n

(2πmT )3/2
exp−m(v −V)

2

2T
, (2)

and

n(r, t) =

Z
fdp, (3)

V(r, t) =
1

n

Z
vfdp, (4)
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T (r, t) =

Z
m(v −V)2

3n
fdp, (5)

are the local density, mean velocity and temperature in energy units. This model term
vanishes at equilibrium and satisfies the conservation laws and the H-theorem. In the
problems of linear transport and fluctuations one usually uses its linearized form:

δbI |hi = −νÃ|hi − 5X
α=1

|Ψαi hΨα|hi
!
, (6)

where |hi defined by
f = f0 +δf = f0 (1 + h), (7)

and |Ψαi are the first five Hermite polynomials.
The advantage of the BGK model is that the solution of the kinetic equation reduces

to that of a system of algebraic equations [2]. A weak point is that the model implies
that the Prandtl number equals 1. The BGK model was extended to 13 moments for the
Maxwell gas [3]. Later, the extension of the BGK kinetic model to include higher order
matrix elements was discussed and it was applied to investigate the generalized Enskog
equation and the dynamic structure factor for gas and fluids [4]-[11].The approximation
consisted in taking into account exactly a finite part of the matrix operator, while the
remaining part was represented by the diagonal matrix elements only. In the present paper
we do not consider spatial inhomogeneities and assume the wave vector k =0. But we do
take into account the non-diagonal components arising in the collision operator expansion
with respect to the complete system of polynomials in the quadratic approximation. It is
considering these non-diagonal elements that allows us to obtain a new form for the model
integral with the Spitzer corrections taken into account. In the case of the Boltzmann gas
of hard spheres these corrections are insignificant.
For the model description of kinetic fluctuations using the Langevin method, the

Langevin source intensity should be presented to the same order of approximation as the
collision operator in the left side of the Langevin kinetic equation.
A graver situation arises for many-component systems. According to the Gross and

Krook (GK) model [14], the collision operator has the form of the deviation of the d.f.
from a ’mythical’ exponent:

Ia{fa} = −
X
b

νab[fa −
na

(2πmaTab)3/2
exp−ma(v−Vab)

2

2Tab
], (8)

where the parameters Vab and Tab are connected to the moments of d.f. via linear relations:

Vab = αaaVa + αabVb; Tab = βaaTa + βabTb. (9)

Coefficients αaa;αab; βaa; βab are chosen in such manner that both conservation laws and
balance equations for the momenta and energy for each component hold. Since the number
of equations that the parameters of the model should satisfy (for a five-moment description
of two-component system these equations have 4: 2 for the balance for momenta and 2
for the balance for temperature) is less than the number of unknown parameters (in this
approximation there are 5: νab;αaa;αab;βaa;βab ), there is an arbitrariness in the choice
of parameters. Therefore there exist various modifications (see, for example, [15]) of the
collision model which correctly describe the relaxation of the five moments. But probably
the most dubious point of GK model is the complicated exponential dependence on the
d.f.
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2 Kinetic model construction

2.1 One-component systems

To construct a corrected BGK model, following Sirovich [16] we introduce two projection
operators bH and bN satisfying

bH bN = bN bH = 0; bH + bN =cId. (10)

HerecId is the identity operator, bH is the operator of projection onto the ’hydrodynamical
subspace’ spanned by kets corresponding to the polynomials of the lowest order in the
moment variable. In the BGK model these kets are the first five polynomials which
correspond to the collisional invariants: density, momentum and kinetic energy. However,
one may include in this subspace polynomials of higher order. Their number and order
depend on the physical processes that one wishes to treat ’exactly’. Thus one may take
into account non-invariant values like those of the pressure tensor and heat flux. The
projection operator bN maps the state vector onto the remaining ’non-hydrodynamical
subspace’. Since we are interested in a model operator describing correctly the first 13
moments, we take the operator bH in the following form:

bH =
13X
i=1

|Ψii hΨi| . (11)

The linearized collision operator is as follows:

δbI = bHδbI bH + bHδbI bN + bNδbI bH + bNδbI bN. (12)

Since the first five Hermite polynomials are the eigenfunctions of the collision operator
for identical particles corresponding to the zero eigenvalue, it follows that for 1 ≤ i ≤ 5

bHδbI bH = bHδbI bN = bNδbI bH = 0. (13)

The higher Hermit polynomials are eigenfunctions only for Maxwell’s molecule. In this
case, non-diagonal matrix elements bHδbI bN and bNδbI bH vanish:

bHδbI bN = bNδbI bH = 0. (14)

For any other interaction potentials the Hermite polynomials are not the eigenfunctions
of the collision operator, the equality (14) does not hold and the collision operator matrix
elements contain non-diagonal elements. Our first approximation is that we accept (14)
as a valid formula for the Boltzmann gas of hard spheres and Coulomb plasma. However,
the first approximation is not sufficient for describing real gas and plasma. In the second
approximation we take into account only the non-diagonal terms closest to the diagonal.
As we will show below, the corrections for a Boltzmann gas of hard spheres turn out to be
small, but for Coulomb systems they are not small and play a major role in the Spitzer
corrections to transport coefficients. We can continue this process and take into account
in the third approximation, next, non-diagonal terms more distant from the diagonal
elements. We performed these calculations and found that the third approximation gives
very small corrections (compared to Spitzer one), that can be neglected.
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Since for one-component systems the operator is Hermitian and isotropic, Wigner-
Ekkart theorem implies

Y m
l h1(u

2)
¯̄
δbI ¯̄̄Y m0

l0 h2(u
2)
E
= δll0δmm0 hhY m

l h1 | δbI |Y m
l h2ii , (15)

where h1(u
2),h2(u2) are arbitrary functions , Y m

l −are spherical harmonics and hh| |ii
means the reduced matrix element independent of m. From (15) the selection rule follows:
the contribution to the non-diagonal matrix elements bHδbI bN and bNδbI bH is given only by
polynomials with identical pairs of orbital numbers l and m. For example, for the polyno-
mial |Ψ6i =

√
3
2
(uxux− 1

3
u2) defining the xx component of the pressure tensor, the non-zero

contribution to the non-diagonal matrix elements is given by non-hydrodynamical poly-
nomials of higher order in u2 but with the same values of l and m (l = 2;m = 2).

For example,
¯̄̄
Ψ
(2)
6

E
=
q

3
14
1
2
(u2 − 7)(uxux − 1

3
u2)˙The main modeling procedure consists

of approximating the non-hydrodinamical contribution. If the operator bH involves the
first 13 Hermite polynomials, then the neglect of the term bNδbI bN does not affect calcula-
tions for such transport coefficients as viscosity and heat conductivity. Nevertheless the
approximation bNδbI bN = −ν bN (16)

allows one to describe at least qualitatively the ’tails’ of neglected ’non-hydrodynamical’
terms (ν corresponds to the longest non-hydrodynamical relaxation time). An account
of these ’tails’ may be important at the kinetic level of fluctuation description. Using
this approximation one may rewrite, in a first approximation, that corresponds to the
Maxwell’s molecule, the model operator as follows:

δbI = −νcId+ bH(δbI + ν) bH. (17)

For a 13 moment basis for bH in the first approximation

δbI |hi = −ν |hi+ ν
5X

i=1

|Ψii hΨi|hi+
13X
i=6

|Ψii (hΨi| δbI |Ψii+ ν) hΨi|hi . (18)

In the second approximation, in (18) appear the nearest non-diagonal entries:

13X
i=6

|Ψii hΨi| δbI ¯̄̄Ψ(2)i

ED
Ψ
(2)
i |h

E
, (19)

where the non-hydrodynamical polynomials, which we take into account, are¯̄̄
Ψ
(2)
i

E
=

1√
14
(u2 − 7) |Ψii , 6 ≤ i ≤ 10 (20)

¯̄̄
Ψ
(2)
r+10

E
=

1√
280

(u4 − 14u2 + 35) |Ψri , 1 ≤ r ≤ 3. (21)

To close the terms (19) we use the following equation for the non-hydrodynamical moments
in the Fourier presentation

(−iω −
D
Ψ
(2)
i

¯̄̄
δbI ¯̄̄Ψ(2)i

E
)
D
Ψ
(2)
i |h

E
ω
=
D
Ψ
(2)
i

¯̄̄
δbI |Ψii hΨi|hiω (22)
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Thus in the second approximation, linearized model collision operator has the form

δbI |hiω = −ν |hiω + ν
5X

i=1

|Ψii hΨi|hiω −
13X
i=6

|Ψii (iΛ(2)i (ω)− ν) hΨi|hiω , (23)

where

iΛ
(2)
i (ω) = − hΨi| δbI |Ψii−

hΨi| δbI ¯̄̄Ψ(2)
i

E2
−iω −

D
Ψ
(2)
i

¯̄̄
δbI ¯̄̄Ψ(2)

i

E (24)

contains the square of the non-diagonal entries and the projection of the kinetic equa-
tion resolvent to the non-hydrodynamical subspace. Here we take into account non-
stationarity of non-hydrodynamical moments. Thus, although the original collision in-
tegral is Markovian, the part projected onto the supspace of 13 moments becomes, in
the second approximation, a frequency dependent operator. A similar situation occurs
in quantum-mechanical perturbation theory. Note that in the Markov approximation the
second order corrections in (24)are negative for any interaction potentials.
Calculate now matrix elements of the operator for a concrete interaction potential,

namely for Coulomb plasma and a Boltzmann hard sphere gas. For the Coulomb inter-
action take the linearized collision operator in the Balescu-Lenard form. In this case the
matrix elements are of the form

hΨi| δbI |Ψji = −
Z

dpdp0dk
e4krksδ(kv− kv0)

k4 |ε(kv,k)|2
f0(p)f0(p0)

x(
∂Ψi

∂pr
− ∂Ψi

∂p0r
)(
∂Ψj

∂ps
− ∂Ψj

∂p0s
). (25)

For i=j the entries are
hΨi| δbI |Ψii ≤ 0 (26)

for any polynomials. Equality to zero corresponds to the five-time-degenerate zero eigen-
value. It is easy to see that the matrix elements of the operator bHδbI bH have following
values:

hΨi| δbI |Ψji = − δij[ Λ1

10X
k=6

δik + Λ2

13X
k=11

δik], (27)

where Λ1,Λ2 are the relaxation frequencies of the pressure tensor and the heat flux vector
which in terms of plasma parameters are as follows:

Λ1 =
8

5

ne4
√
π

m1/2T 3/2
Ln; Λ2 =

2

3
Λ1. (28)

The matrix elements of the operators bNδbI bN and bHδbI bN defining ’tails’ and the second
approximation for the Coulomb plasma are equal to

hΨ14| δbI |Ψ14i = −
2

3
Λ1; Ψ14 =

1√
120

(u4 − 10u2 + 15) (29)

hΨ15| δbI |Ψ15i = ... = hΨ21| δbI |Ψ21i = −
3

2
Λ1; Ψ15 = uxuyuz (30)

hΨ22| δbI |Ψ22i = ... = hΨ35| δbI |Ψ35i = −
191

16
Λ1; (31)
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Ψ22 =
1√
105

1

8
(35u4x − 30u2u2x + 3u4); (32)D

Ψ
(2)
i

¯̄̄
δbI ¯̄̄Ψ(2)

i

E
= −201

168
Λ1; hΨi| δbI ¯̄̄Ψ(2)

i

E
=

3

2
√
14

Λ1; 6 ≤ i ≤ 10 (33)D
Ψ
(2)
10+r

¯̄̄
δbI ¯̄̄Ψ(2)

10+r0

E
= −15

14
δrr0Λ1; hΨ10+r| δbI ¯̄̄Ψ(2)

10+r0

E
=
1

7
δrr0Λ1; 1 ≤ r ≤ 3. (34)

This estimate implies that the higher tensor character of the polynomial leads to higher
values of the matrix elements and for polynomials with the same tensor character the
matrix elements are greater for polynomials of higher order in u2. The smallest value
of the diagonal matrix elements for the non-hydrodynamical polynomial is achieved for
the Ψ14 polynomial and equals Λ2 (the heat flux relaxation frequency). The same holds
for Maxwell’s molecule and the Boltzmann gas hard sphere at least. Thus in the first
approximation the collision operator is of the form:

δbI |hi = −2
3
Λ1 |hi+

2

3
Λ1

5X
i=1

|Ψii hΨi|hi−
1

3
Λ1

10X
i=6

|Ψii hΨi|hi . (35)

We see that the polynomials corresponding to the heat flux disappear. In the second
approximation

δbI |hiω = −ν(|hiω − 13X
i=1

|Ψii hΨi|hiω) (36)

−
10X
i=6

Λ
(2)
1 (ω) |Ψii hΨi|hiω −

13X
i=11

Λ
(2)
2 (ω) |Ψii hΨi|hiω , (37)

where

Λ
(2)
1 (ω) = Λ1(1−

Λ19/56

−i ω + Λ1205/168
); Λ

(2)
2 (ω) = Λ2(1−

Λ13/14

−i ω + Λ115/14
). (38)

In the Markov approximation (ω = 0) this leads to Spitzer values [17] of transport coeffi-
cients.

Λ
(2)
1 = Λ1(1−

27

205
); Λ

(2)
2 = Λ2(1−

1

5
). (39)

This correction are rather significant. In the third approximation the relaxation fre-
quencies vary by no more than one per cent. Thus our model leads to Spitzer kinetic
coefficients.
For a Boltzmann gas of hard spheres,

hΨi| δbI |Ψji = −
R2

8n

Z
|(v− v1)e| f0(p)f0(p0)[Ψi(p

0
1) +Ψi(p

0)−Ψi(p1)−Ψi(p)]

×[Ψj(p
0
1) +Ψj(p

0)−Ψj(p1)−Ψj(p)]dpdp1, (40)

and

hΨ14| δbI |Ψ14i = −
2

3
ΛG
1 ; hΨ15| δbI |Ψ15i = ... = hΨ21| δbI |Ψ21i = −

3

2
ΛG
1 ; (41)
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D
Ψ
(2)
i

¯̄̄
δbI ¯̄̄Ψ(2)i

E
= −17

14
ΛG
1 ; hΨi| δbI ¯̄̄Ψ(2)i

E
= − 1

2
√
14

ΛG
1 ; 6 ≤ i ≤ 10 (42)D

Ψ
(2)
10+r

¯̄̄
δbI ¯̄̄Ψ(2)10+r0E = −1514δrr0ΛG

1 ; hΨ10+r| δbI ¯̄̄Ψ(2)
10+r0

E
=

1

3
√
7
δrr0Λ

G
1 ; 1 ≤ r ≤ 3. (43)

ΛG
1 =

16

5

√
πTnR2

m
. (44)

The second-order corrections are one order less than for Coulomb plasma and one may
stop at the first approximation. Thus in the case of a Boltzmann gas of hard sphere the
collision operator may be represented in the form [18]

I{f} = −ν{f − f0(1− Pij
δviδvj
4PT

m)}. (45)

In the equilibrium state, Pij = 0 and I{f0} = 0. In the equation for the heat flux only
the first term contributes. The relaxation of the pressure tensor is determined by both
the first and the last terms in this equation. Thus our collision integral in the form (45)
possesses all necessary properties and is free from the drawbacks of the one-component
model of the BGK model mentioned above. The linearized form of (45) is congruent with
the linearized ellipsoidal statistical model [19].
Earlier, another model correctly describing the viscosity and thermal conductivity

relaxation was proposed ad hoc [20]:

I{f} = −ν{f − f0[1− Pr Jδv
5P

(
δv2

mT
− 5)]} (46)

But it does not give a correct description of non-hydrodynamic ’tails’.

2.2 Langevin’s source

The expression for the the spectral function of the Langevin’s source in the kinetic equa-
tion [12]

(
∂

∂t
+ v

∂

∂r
+ F

∂

∂p
+ δbIp)δf(x, t) + δF

∂

∂p
f(x, t) = y(x, t) (47)

has the form
(yy)ω,k,p1,p2 = −(δbIp1+δbIp2)f0(p1)δ(p1 − p2). (48)

For the model description of kinetic fluctuations using the Langevin method the Langevin
source (48) should be presented to the same order of approximation as the collision op-
erator in the left side of the Langevin kinetic equation (47). For the BGK model the
corresponding expression for Langevin’s source has the form

(yy)ω,k,p1,p2 = 2νf
0(p1)

Ã
δ(p1 − p2)− f0(p2)

5X
i=1

Ψi(p1)Ψi(p2)

!
. (49)

Langevin’s source (49) satisfies the laws of conservationZ
Ψ(p1) (yy)ω,k,p1,p2 dp1 = 0 (50)
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for Ψ(p1) = 1,p1,
p21
2m
, but does not lead to the correct Landau-Lifshitz formula [13] for

Langevin’s sources in the hydrodynamic equations. In the 13 moment basis for bH in the
first approximation, the expression for the Langevin’s source takes the form

(yy)ω,k,p1,p2 = 2f
0 (p1 )[νδ(p1 −p2 )− νf0 (p2 )

5X
i=1

Ψi (p1 )Ψi (p2 )

−f0 (p2 )
13X
i=6

Ψi (p1 )Ψi (p2 )( hΨi| δbI |Ψii +ν)]. (51)

The first two terms correspond to the BGK model. In the second approximation (23) the
spectral function of Langevin’s source have the form

(yy)ω,k,p1,p2 = 2f
0(p1){[νδ(p1 − p2)− νf0(p2)

13X
i=1

Ψi(p1)Ψi(p2)

+f0(p2)
13X
i=6

Ψi(p1)Ψi(p2)[ReΛ
(2)
1 (ω)

10X
k=6

δik +ReΛ
(2)
2 (ω)

13X
k=11

δik]}, (52)

where Λ
(2)
1 (ω) and Λ

(2)
2 (ω) are determined by (38). From (52) the non-Markov

Langevin sources in the hydrodynamic equations [21] follows.

2.3 Many-component systems

Using the technique described above for a one-component system, one may get the fol-
lowing expression for the linearized model collision operator of a many-component system
in the five-moment approximation:

δbIapδfa(p) = − νaδfa(p) +
5X

j=1

νaf
0
a (p)Ψ

a
j (p)

Z
Ψa
j (p

0)δfa(p
0)dp0

+
X
b

5X
i,j=1

νaf
0
a (p)Ψ

a
i (p) hΨa

i | δbI ¯̄Ψb
j

® Z
Ψb
j(p

0)δfb(p
0)dp0, (53)

where f0a (p) is the local equilibrium distribution function (with different temperatures and
mean velocities), νa is the inverse time of the heat flux relaxation of the component a, and
hΨa

i | δbI ¯̄Ψb
j

®
is the matrix elements of the linearized collision integral (the Balescu-Lenard

one, for example).
In order to recover the form of the model collision integral from its linearized form

it suffices to use conservation of the elastically interacting particles number. This prop-
erty, as well as total momentum and energy conservation, are valid both for mean and
fluctuating quantities. Consequently the expression for Langevin’s source intensity in the
kinetic equation for the distribution function fluctuation should satisfy the conditionsX

b

Z
Ψb(p2) (yayb)ω,k,p1,p2 dp2 = 0 (54)

for Ψb(p2) = 1,p2,
p22
2mb
.
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The spectral function of the Langevin source in a non-equilibrium state is given [22],
[23] by

(yayb)ω,k,p1,p2

= −(δbIap1 + δbIbp2)δabδ(p1 − p2)fa(p1)− δabδ(p1 − p2)Ia(p1)− Iab(p1,p2), (55)

where Iab(p1,p2) is the so-called ’not integrated’ collision operator [22]:X
b

Z
dp2Iab(p1,p2) = Ia(p1). (56)

Summing (55) over b and integrating over p2, and taking into account (54), we get

Ia(p1) =
1

2

X
b

Z
(δbIap1 + δbIbp2)δabδ(p1 − p2)fa(p1)dp2. (57)

Since (54) and (55) are of general character, the relation (57) is valid both for ’exact’ and
model collision integrals. Substituting (53) in (57), we obtain a simple enough and at the
same time sufficiently rigorous form of the model collision integral for many component
plasma:

Ia(p) = − νa(fa − f0a )−
X
b

νab f
0
a [δva

TbVa − TaVb

TaTb

ma

Ta

Tamb + Tbma

mb +ma

+(
ma

Ta
δv2a − 3)

Ta − Tb
TaTb

ma

mb +ma
], (58)

where νab is the momentum relaxation frequency:

νab =
4

3

√
2πe2ae

2
bnbL

r
mb

ma

(ma +mb)
1/2

(maTb +mbTa)3/2
, (59)

and δva = v − Va. The first two terms in (58) describe the relaxation to the local
equilibrium state, the third term described the momenta relaxation and the last term,
the temperature relaxation. Thus the complicated exponential dependency typical for the
BGK model appears to be unfounded and does not hold for states remote from the full
equilibrium.

3 Conclusion

Using the well-known projection technique, a new form of the collision operator for a Boltz-
mann gas of hard spheres and Coulomb plasma was elaborated. The proposed collision
operator properly takes into account the relaxation of the first 13 hydrodynamic moments
and accounts for the non-diagonal components contribution in the expansion of the lin-
earized collision operator with respect to the complete system of Hermite polynomials.
The non-diagonal components accounted for in this basis in the quadratic approximation
contribute to the diagonal components. It is shown that for a system of charged parti-
cles with the Coulomb interaction potential, these contributions are essential and lead to
Spitzer corrections to the transport coefficients. In the case of the Boltzmann gas of hard
spheres these corrections are insignificant. In the case of a many-component system, the
nonlinear model collision integral is constructed by means of the linearized one found.
Unlike previous ones, it does not contain complicated exponential dependence and avoids
coefficient ambiguity in the many-component collision integral.
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