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11-dimensional Supergravity as
an interacting theory on Minkowski space

E. M. Cioroianu? E. Diaconu! S. C. Sararu*
Faculty of Physics, University of Craiova
13 A. I. Cuza Str., Craiova, 200585, Romania

Abstract

Under the hypotheses of smoothness of the interactions in the coupling constant, locality,
Poincaré invariance, Lorentz covariance, and the preservation of the number of derivatives on each
field in the Lagrangian of the interacting theory (the same number of derivatives like in the free
Lagrangian), we derive the consistent interactions in D = 11 among massless gravitini, a graviton,
and a 3-form.

1 Introduction

It is well known that the field spectrum of D = 11, N = 1 SUGRA consists in a massless spin-2 field,
a massless spin-3/2 field and a 3-form gauge field [1]-[2]. In the free limit the action of simple SUGRA
in D = 11 reduces to the sum between Pauli-Fierz, Rarita-Schwinger, and a standard abelian 3-form
actions

S8 [y Vs Apwp) = S5 ) + SE5[W0] + S [Apusp]- (1)

In order to determine the consistent interactions that can be added to action (1) we must study, beside
the self-interactions, which are known from the literature, also the cross-couplings. The latter problem
can be solved in two steps: firstly, we determine the interaction vertices containing only two of the
three types of fields, and then the vertices including all the three kinds.

The plan of the talk :

e the derivation of consistent interactions between an abelian three-form gauge field and a Pauli-
Fierz graviton;

e the investigation of the consistent couplings between an abelian three-form gauge field and a
massless spin-3/2 field;

e the analysis of the cross-couplings between a Pauli-Fierz graviton and a massless Rarita-Schwinger
field;

e the determination of all possible interactions among a graviton, a massless spin-3/2 field, and a
three-form gauge field;

We investigate all these problems in the framework of the deformation theory [3] based on local
BRST cohomology [4].
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2 First problem: the derivation of consistent interactions among an
abelian three-form gauge field and a Pauli-Fierz graviton

2.1 Free model

Our starting point is the Lagrangian action represented by the sum between Pauli-Fierz and an abelian
three-form actions in eleven space-time dimensions

S8 A s Aparp) = S5 (hya] + S3F [App) =
/ d"z [—§ (Byuhup) (DPRYP) + (8uhH"?) (8D —

14 ]' 17
— (Ouh) (O W) + 3 (Ouh) (0"h) — mF/prFM PAL (2)
The theory (2) is invariant under the gauge transformations
6€h/“’ = 8(#61/)’ 5514/“,,0 = 8[#5,4)]. (3)

The gauge parameters €, and €, are bosonic, the last set being completely antisymmetric. The gauge
algebra of the free theory (2) is Abelian.
We observe that if in (3) we make the transformations

e = €4 = by, (4)

then the gauge variation of the 3-form identically vanishes

55(9)Auyp =0. (5)
Moreover, if in (4) we perform the changes
0, — 0% = 0,0, (6)

with ¢ an arbitrary scalar field, then the transformed gauge parameters (4) identically vanish

(9(¢))

Epv 0. (7)

Meanwhile, there is no non-vanishing local transformation of ¢ that annihilates 9,(?) of the form (6),
and hence no further local reducibility identity. All these allow us to conclude that the generating set
of gauge transformations (3) is off-shell second-stage reducible.

The structure of the reducibility relations is important from the point of view of the BRST sym-
metry as it requires the introduction of a tower of ghosts for ghosts, as well as of their antifields.

In order to construct the BRST symmetry for (2) we introduce the field, ghost, and antifield
spectra

®20 = (hyw, Apvp) D, = (R, ATP) (8)
1 = (s Cv) na, = (™, ¢, (9)
2 = (Cy), A, = (C™), (10)
e =(0), A, = (C7). (11)

In this case the anticanonical action of the BRST symmetry, s™*. = (-, S h’A), is realized via a solution

to the master equation (Sh’A, Sh’A> = 0 that reads as

A = SN b Augl + [ de (KD + A0,

+CH 9, Chp + CHO,C) . (12)
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2.2 Construction of consistent interactions

We will associate with (12) a deformed solution

Sh’A N Svh,A — Sh,A + )\S{I,A + )\2S£17A 4o
= P [attaahd 2 [dlapA (13)

which is the BRST generator of the interacting theory, (S’h’A, S’h’A) = 0, such that the components

of SMA are restricted to satisfy the tower of equations:

(A, 5m4) = o, (14)
2(sph shA) = o, (15)
254,84 + (Sph sty = o, (16)

The interactions are obtained under the following (reasonable) assumptions: smoothness, locality,
Lorentz covariance, Poincaré invariance, and preservation of the number of derivatives on each field
(derivative order assumption).

By direct computation we obtain the first-order deformation in the interacting sector like

Sph = SpA St 4 St =
1
- / My {k O (@00~ 5O (CL0" ) — (0,0) B

1
+2("C*)my) + Cp, (hgaﬂcw = (07 CH) g, — SC, OV R

+CVp8[N77P}> — A* <n)\a>\A/wp + gAVp)\a[unA} . g (a)\cyp) héf

Hvp
_300/\6[uh1’]> + EF \ (au (A””Uh’\) + lpuwﬂh
2 A) g )4l
—;Fﬂupahg)] + qa“l”'““AMM%FM..M?FM...MH} + 57, (17)
where k and ¢ are arbitrary real constants and S} reads as
sho= /d“x {;n*”n"@wu] + W (01”) Py = 1" Oy ) (18)
+L17F — 2R}

In (18) we used the notations E{I_E and A for the cubic vertex of the Einstein-Hilbert Lagrangian and
respectively the cosmological constant.

The consistency of the first-order deformation (the existence of the second-order deformation)
requires that the real constant k satisfies the equation

k(k+1)=0, (19)

with the non-trivial solution

k=-1, (20)

and g arbitrary constant.
The previous results can be summarized in the following theorem.
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Theorem 1 Under the assumptions of: i) space-time locality, ii) smoothness of the deformations in
the coupling constant, iii) (background) Lorentz invariance, iv) Poincaré invariance (i.e. we do not
allow ezplicit dependence on the space-time coordinates), v) the maximum number of derivatives in
the interacting Lagrangian is two, the only consistent deformation of (2) involving a spin-2 field and
an abelian 3-form gauge field reads as

S M s Awpl = S8F Thya] + S§F[Apup) +

1
+)\/d“ LH-F _opp -
T
1 1
ﬁFMVp)\F'LLVPUh();. - Z w,p)\ﬁ‘u (Aljpcrh())\'> +

+qe" N A oy Fyugepr Flgepn ] + O ()\2> ’ )

——— Flyp FHPA b

and it is invariant under the gauge transformations

_ 1
Ochy, = 8(M€V) + A (2 (hp(uay)ep — epa(#h,j)p) + epaphm,> +0 ()\2) , (22)

1

Seclup = Opevp + A [eAaAAWp + —AA[ LO00en—

Lron 2
5 (9epu) b + 5 2, hm} +0 (3), (23)

which remain second-order reducible, with the first-order reducibility given by

2
e — 0) = 0,0, + 5 [(ape[u) hjo + 0°0hu,| + 0 (32, (24)
and the second-order redundancy expresses by

0, — 0 = 8,06 — hmﬁ”qﬁ 10 ()\2) (25)
The results summarized here are presented in detail (including the computation of the second order
deformation for the solution to the classical master equation) in [5]. In this way we obtain that the

first two orders of the interacting Lagrangian resulting from our setting originate in the development
of the full interacting Lagrangian (in eleven space-time dimensions)

<2
] (R - 2>\2A) + LA
where the cross-coupling part reads as

1 _ _ _ _ _
h—A vpA
£ - 9.4l \/-aFHVP)\FM Ph 4+ Agett mlAmuzusFu4~~~mFus~~.u117

with g = detg,,, A the cosmological constant, A the coupling constant, and ¢ an arbitrary, real
constant. Consequently, we showed [5] the uniqueness of interactions described by L. The above
interacting Lagrangian for A = 0 is a part of D = 11, N = 1 SUGRA Lagrangian. We note that the
graviton sector is allowed at this stage to include a cosmological term, unlike D = 11, N =1 SUGRA.
This is not a surprise since it is the simultaneous presence of all fields (supplemented with massless
gravitini) that ensures the annihilation of the cosmological constant, as it will be seen in the last part
of this talk.
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3 Second problem: the investigation of the consistent couplings be-
tween an abelian three-form gauge field and a massless spin-3/2
field

3.1 Free model

The starting point is the free theory whose Lagrangian action is written as the sum between an abelian
three-form and a non-massive Rarita-Schwinger actions in eleven space-time dimensions

A RS
T/} [ HUps %J S [Aul/p] + SO Wu] =
/dll < ﬁ ul/p)\Fqu ¢M’Y”Vp3u¢p) . (26)
In the above the fermionic fields ¢, are considered to be real (Majorana) spinors (¢ = 1¢). We work
with the metric o, = diag (+, —,---, —), the gamma matrices (v,) are all purely imaginary. We take
the matrix 7° to be antisymmetric and Hermitian, 4% (i = 1,10) are symmetric and anti-Hermitian.

The theory described by action (26) possesses an Abelian, off-shell, second-order reducible gener-
ating set of gauge transformations

Se vy = Oprg)y  Oetbp = Dyee. (27)

Related to the gauge parameters, €, are bosonic and completely antisymmetric and € is a fermionic
Majorana spinor. The redundancy of the generating set of gauge transformations for the three-form
gauge field has been presented in the above [in the part that solves the problem of constructing
consistent interactions among an abelian three-form gauge field and a Pauli-Fierz graviton].

The structure of the reducibility relations is important from the point of view of the BRST sym-
metry as it requires the introduction of a tower of ghosts for ghosts, as well as of their antifields.

In order to construct the BRST symmetry for (26) we introduce the field, ghost, and antifield
spectra

o (Apvpr ) s Pp, = (AP, (28)
M= (Cw ). A, = (CE, (29)
N = (Cu). WA, =(C), (30)
N = (), A, =(C). (31)

In this case the anticanonical action of the BRST symmetry, s*¥. = (-, SA’w), is realized via a solution
to the master equation (SA’¢, SA”/’) = 0 that reads as
SA = S A + [ da (50,8 + A00,Cy
+C 0, C,p + CH0,C) . (32)

3.2 Construction of consistent interactions

We will associate with (32) a deformed solution
A GA = gAY LG L N2
SAY 4 )\/dnx av 4\ /dnm bAY (33)

which is the BRST generator of the interacting theory, (S’A’w, 5A7w> = 0, such that the components

of SAY are restricted to satisfy the tower of equations:

(S‘W, S/W) - 0, (34)
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2(sp,84%) = o, (35)
2(83,880) + (SP stY) = o, (36)

The interactions are obtained under the following (reasonable) assumptions: smoothness, locality,
Lorentz covariance, Poincaré invariance, and preservation of the number of derivatives on each field
(derivative order assumption).

By direct computation we obtain the first-order deformation

SPY =8PV 4 SP sy =
= (1 kUL & *UVP £,
= /dlll' |:l€ (20 s §’YW§ — 3A™H pé.’.)/,uuwp_'_

]' * *
+7¢ uF;wp)\’YVp/\g - ﬁw MFVP)\G’YuupAog +

9
1- L
_Zwu’Yup’(/JAF ek Mwa’YaﬁquAwﬁpr)\) *
9i
+m (1?;7“ £+ Qwﬂww”) "
+qehrrn AM1M2N3FIJ«4“‘M7FH8“'N11] ) (37)

where l;:, m and ¢ are arbitrary constants. In the above the terms proportional with m contain
only fields/antifields from the Rarita-Schwinger sector, those proportional with ¢ include only the
three-form gauge field and the other pieces mix both sectors.

The consistency of the first-order deformation (the existence of the second-order deformation)
requires

k=0 and m=0, (38)

and g remains an arbitrary constant.
The previous results can be summarized in the following theorem.

Theorem 2 Under the assumptions of: i) space-time locality, ii) smoothness of the deformations in
the coupling constant, iii) (background) Lorentz invariance, iv) Poincaré invariance (i.e. we do not
allow explicit dependence on the space-time coordinates), v) the maximum number of derivatives in the
interacting Lagrangian is two, the only consistent deformation of (26) involving an abelian three-form
gauge field and a massless spin-3/2 field reads as

oA
SO v [Aul/m wu] = SgF [AWp] + S(P){S [wu]
+q)\/dllfﬂgmmﬂuAmuzusFM"-mFus---unv (39)

and it is invariant under the original gauge transformations.

This result does not contradict the presence in the Lagrangian of D = 11, N = 1 SUGRA of
a quartic vertex expressing self-interactions among the gravitini. We prove in [7] and [8] that this
vertex, which appears at order two in the coupling constant, is due to the simultaneous presence of
gravitini, three-form, and graviton.

The results synthesized in this part are developed in [6].
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4 Third problem: the analysis of the cross-couplings among a Pauli-
Fierz graviton and a massless Rarita-Schwinger field

4.1 Free model

The Lagrangian action for the free theory is represented by the sum between Pauli-Fierz and a non-
massive Rarita-Schwinger actions in eleven space-time dimensions

S0 (s ] = S5 o] + S5 ] =
— [ | @) (O"H) + (9,1) (01

—(0h) (Bh™) + 3 (D) (*h) — LDy (40)

Action (40) possesses an irreducible and Abelian generating set of gauge transformations
55h;w = 8(;1511)7 681/}M = 8u57 (41)

with €, bosonic and e fermionic gauge parameters.
In order to construct the BRST symmetry for (26) we introduce the field, ghost, and antifield
spectra

R0 = (), Ok, = (B, 00), (42)
™= (w8, nA, = (€Y, (43)

In this case the anticanonical action of the BRST symmetry, s™%. = (-, S h’w), is realized via a solution
to the master equation (Sh”/’, Sh’w) = 0 that reads as

Shv — S(l)lﬂ/f [humwu] + /dnx (h*wa(;ﬂ?u) + w*uaﬂg) ) (44)

4.2 Construction of consistent interactions
We will associate with (44) a deformed solution
ShY Y — BV LAY N2
Sh )\/d”a:ah’”’ + 22 / A Y g (45)

which is the BRST generator of the interacting theory, (S”h"f’, S’h’w> = 0, such that the components of

Sh¥ are restricted to satisfy the tower of equations:

(shv, ™) = o, (46)
2(sp, ") = o, (47)
2(S§’¢,Sh’w)+(5?’w,5?’¢) — 0, (48)

The interactions are obtained under the following (reasonable) assumptions: smoothness, locality,
Lorentz covariance, Poincaré invariance, and preservation of the number of derivatives on each field
(derivative order assumption).
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By direct computation we obtain the first-order deformation
SV =817V + 87 + St =
_ /dnx {E LIL (;@u (vay _ 20Vp,y>\w)\> Dty — PP 0,0,
e () = K )+ L 1,
4509 (U = i) + 46 (Do) 1 + 2070 Oy,
(O by) + € @) — 5 (17 EE — €9 €Oy, )|
HmAE — T, + ST, (19)

with k& and m some arbitrary constants.
The consistency of the first-order deformation (the existence of the second-order deformation)
imposes
k=0 and m=0. (50)

The previous results can be summarized in the following theorem.

Theorem 3 Under the assumptions of: i) space-time locality, ii) smoothness of the deformations in
the coupling constant, iii) (background) Lorentz invariance, iv) Poincaré invariance (i.e. we do not
allow explicit dependence on the space-time coordinates), v) the mazimum number of derivatives in
the interacting Lagrangian is two, the only consistent deformation of (40) involving a spin-2 field and
a massless spin-3/2 field reads as

S0 s ) = SEF [hyu] + SE [

A / d"a (£~ 20n) + 0 (X)), (51)

and it is invariant under the gauge transformations
dchyw = 0(u€y) + A <; (hp(uaV)ep - 6pa(uhu)p> + Ep@phw) +0 ()‘2) ) (52)
Betby = 0etbu = Dy (53)

As in the above, £LH~F represents the cubic vertex of the Einstein-Hilbert Lagrangian.

The absence of self-interactions among the gravitini in D = 11 at this level does not contradict
the presence in the Lagrangian of D = 11, N =1 SUGRA of a quartic gravitini vertex.

The results shortly addressed here are presented in detail in [7]. In the same paper we also make the
comparison with the case D = 4, where gravitini are known to allow self-interactions in the presence
of a graviton, such that their ‘mass’ constant becomes related to the cosmological one.

5 Fourth problem: all possible interactions among a graviton, a
massless spin-3/2 field, and a three-form gauge field
The starting point of the last problem is represented by the free model with the Lagrangian action

given by the sum between Pauli-Fierz, an abelian three-form and a non-massive Rarita-Schwinger
actions in eleven space-time dimensions

So™™Y s Ay ¥ = S5 ] + S3¥ [Apwp] + S8, =
/ d"z [—; (Duhup) (B"RP) + (8hH"°) (8" hup) — (Duh) (B, B¥H)

1

1
Z “hYy — ——
+5 (Ouh) (0"h) = 5

i -
B F" = 25,700, (54)
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The theory described by action (54) possesses an Abelian, off-shell, second-order reducible generating
set of gauge transformations

5ehulx = a(uez/)a 5EA/,LV,0 = 8[M€yp]7 56¢M = aug' (55)

In order to construct the BRST symmetry for (54) we introduce the field, ghost, and antifield spectra

cI,Ao — (h#V’A#Vp’@bH), (I)*Ao — (h*“V,A*“Vp,¢;) (56)
n21 = (7w, Co €, nA, = (**,C* &), (57)
77A2 = (CM)7 7722 = (C’*#)’ (58)

nts = (C), NA, = (C%). (59)

In this case the anticanonical action of the BRST symmetry, sbA4%. = (-, Sh’A’w), is realized via a

solution to the master equation (Sh’A’w, Sh’A’¢) = 0 that reads as

ShAY = SR B A ] + / da (R0, m,) + VOt

+AHPY,Crpy + CHYOCp + CHOLC) (60)

5.1 Construction of consistent interactions
We will associate with (60) a deformed solution
ShAY o GhAY — ghAY | NGIAY | \ZGhAY
Sh,A,w + )\/dllxah,Aﬂ/) + )\2/d11$ bh,A,’L/) 4. . (61)

which is the BRST generator of the interacting theory, (Sh’A’w, Sh’A’w) = 0, such that the components

of S™MA¥ are restricted to satisfy the tower of equations:

(Sh,A,w’ Sh,A,w> — 0, (62)
9 (S{I,A,w, Sh,A,w> — 0, (63)
(s, 549) ¢ (s, 5t4%) = 0 4

The interactions are obtained under the following (reasonable) assumptions: smoothness, locality,
Lorentz covariance, Poincaré invariance, and preservation of the number of derivatives on each field
(derivative order assumption).

For this situation, the first-order deformation of the solution to the classical master equation can

be written as
ShAY _ gh=A 4 gh=v | gA-v | g 4 gh  gA (65)

The consistency of the first-order deformation (the existence of the second-order deformation) requires
that the constants k, k, k,q, m and A to satisfy the following algebraic equations

k2 _
E* + 3 =0 180m? — kA = 0, (66)
-y kk
E(k+1)= - ==
(k+1)=0, 35 = 0 (67)
mk =0 klq+ k =0 (68)
’ 173 (12)* ’



k(k—1)=0, k(k+k)=0. (69)

There are two types of nontrivial solutions, namely

k=-1lork=0, k=k=m=0, A, q = arbitrary, (70)

. . iv/2 4k o
k=—-k=-1 kio=+— = ——= =0=A. 71
) 1,2 g’ qi,2 (12)47 m ( )

The former type is less interesting from the point of view of interactions since it maximally allows the
graviton to be coupled to the 3-form (if £k = —1).
For this reason in the sequel we will extensively focus on the latter solution, (71), which forbids

both the presence of the cosmological term for the spin-2 field and the appearance of gravitini ‘mass’
constant.

The previous results can be summarized in the following theorem.

Theorem 4 Under the assumptions of: i) space-time locality, ii) smoothness of the deformations in
the coupling constant, iii) (background) Lorentz invariance, iv) Poincaré invariance (i.e. we do not
allow explicit dependence on the space-time coordinates), v) the maximum number of derivatives in
the interacting Lagrangian is two, the only consistent deformation of (54) involving a spin-2 field, an
abelian three-form gauge field and a massless spin-3/2 field reads as

“hA,
S(})1 w[huw Apps V] = S5 [hyw] + 55" [Auwp) + S (]

1
A [dtla [zH—E — g B PPt
1

1
A A
R 3!Fqu/\praha _ ZFIWP)\GM (A”p"ha) +
+q5mm“nAu1u2u3Fu4---u7Fus---u11

~ (1 - 1 -
—ki <4¢u%p¢,\FWM oo 4!¢a7a,auypx¢ﬁFWpA>
1/1- _
+Z (Qwu (’Y’%ﬁy — 2O'Vp’7,\w>\) G[Mh,,]p — hw‘ur}/“’/l’aywp
_ 1_
F (00) o~ s )| +0 (09) ™

and it is invariant under the gauge transformations

1 1
5675hwj = G(Me,,) + A {2hp(uay)6p - iepﬁ(uh,,)p + €p8ph/_“/ +

i
8
Soby = Oyt \|—iho +(a¢)°‘+1 YOen + 2y,

eeWu n€ o't vE a¥u) € 2'¢ [u€v] 87 19 tp]

5’7(MLZJV)] + ..., (73)

1 11;'2 v 1 VPAC
_g'?/aﬁea[ahmﬂ + 9 <'7 pAgFlwp)\ - g'YMVP)\JEF P> >‘| + (74)
1 g
(5675Aa37 = 6[a8ﬁ7] + A |:6585Aa57 + §A6[a5 718[065]
1 1 -
_5 (655[a5) hﬂé + §5é[aaﬂhv]6 — kif’y[aﬂﬂ)ﬂ] + ..., (75)

which remain second-order reducible.

The effective expression of the second-order deformation and the interpretation of the interacting
theory are exposed in [8].
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